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PREFACE 



|IMo«^ thevarious Vfei qftfmMat&a- 

matjcs, their rmdrh^ the Vndtr- 

flaiuliitg mcrtftt/itptittt of titer Sd- 

enceff if cmatxly the mofi excfJUlU, 

And this it dees in u nmfoJJmaM- 

I uer : Fiifi, in acodfiaming thi hSitd 

to n^MJu/lfy, Irj -which there is acquired a Faaihr^ 

^JccwriiK the Def^Sls and Fallacies offid/i AeMjca- 

i$a ;a»d^ Jeeini-wharisnu^Mry tomabeitccncli^ve; 

AndSeooodl), the fi&id fy the Stu^ ^tht Mather 

g tnatics attains fuch a Saiaoty in fiekit^ Iratky MS 

\U'tf ,ir»at Jinportauce, not oalyia ether SciMces,ka 

^eveuiuthe ^airs efL^edf the KKoviledgtcfmher 

1^ Sciences and^ Meu, ij Join* d tv the MatJumiHics, 

' Ser be that, tohilfi he Applies hiti^lf to the Matbe- 

^ iMtttics, etegleUs every tbim et/e, dees net fnptrlj 

leant -a Adatieaunic AtetbeS, bit «^ tnakes biajfeff 

readier at rerfarnn^ atom J^tumtitits* 

7kefi4 iftb^e tffes if beji frmmed tj the SaJg 
if Geometry:, ^ we filloiu the AaUtms Method, 
if Demenfiratiag ; for it is net leamii^ -a gnttt 
' Jeml in SI tittle time ^-itaUmniag a little vtell^ that 
aught to be regarded: jiuce in ac^irij^ « Faculty if 
reajonit^ well, tue otj^ht not to cenjider the number (f 
^ifvfitimsje naub as the Method they are deliver' J 
in ; and this is vthat latter Geometers have mtfitf- 
fidemh attended to, 
^ A a Tie.. 
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» 

.S'hfJkmdlJfe Vie have mentioned, is hy many, de^ 
prvedfy referred to Algebra, which gives Rutei and 
Examples far the difcovery of Truth : wherefore the 
Study of this Science ought to be join d to the Study of 
Geometry. 

And he thaimuld compleat himfelfin the Art of 
Reafimif^ juftly, fiould jcin to both, the Study rf 
Logic. 

Jfto this Ufe of Algebra, we add the Nece/ftty of 
it in all parts of the Mathematics, but efpecially in 
^hf^^i y^hich none can attempt without the Ele^ 
mem s of Geometry and Algebra-, we need fay m more 
in the fraife of it. 

The Elements that 1 here deliver, were fir ft irttend" 
edfor private ufe ; and I have therefore been as 
brief as pojfible. 

I do not here treat of Problems of more than two 
Dimenjions, my chief intent being to explain as much 
as pojjible, the nature of Problems, which the great ejl 
part of the Writers of Algebra negleSi, who are tf- 
ten defeShve too in deducing the Reafons of the Opera- 
tions from, the general Rules. 

For this caufe J have added many Obfervations 
relating to the Solution of Problems ; and have treat-' 
ed amply of Problems of two Dimenjions. 

I mufi have faid much more if I had treated tf 
; Problems tf three and feur Dimenfions. Many have 
treated of the Nature of Equations ; but the Nature 
pf thofe Problems that produce thefe Equations, has 
been too niuch negleSled. It is neverthelefs a Matter 
worthy a Mathematician, and which will, when ex^ 
plained,' free young Beginners from manyDifficubies. 

As to the two little Treatifes added to thefe Ele^ 
ments, fee their refpe^ive Prefaces. 

X rl E 
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CHAP. I. 

Of ^antity in general, and the Intention 
of Algebra. 

HE general Object of the Ma-. 
(hematics is Qiranticy. 

I. Every thiitg that can ht in- 
creaftd er dimiuifbed^ ve fay has 
Quantity: as Extenfion, Time, Mo- 
tion, Velocity, &c. 
In difierent Pares of the Mathertfatics, diSe-* 
rent fons of Quantity are examined ; but 1 fliall 
here treat of Quantity confider'd in general, and 
briefly expound the Rules by vhich Truth is dit- 
B coTcr'dj 
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cover'd, when Quantities of any kind whdtevei^ 
are treated of. 

Thofe things which are demonftratcd concerh*^ 
lag Quantity in general^ may be applied to an/ 
j>cculiar Quantity. And we attain the Truth by 
the fame method in any Parts of the Mathema-** 
tics. 

2. AH Riafoning conamit^ Qjiontity may U re^ 
f erred to its Meafure, 

3. T'he Meafure of anj Quantity is the comparing 
it with another of the fame kind^: A Line is faid to 
be of fix feet, if being comparM with a Line of 
one foot, it contains it fix times. 

Quantities of the fame kind only admit of 0)m- 
parilbn ; a Line with a Line, a Supeiiicies with 
a Superficies, and Time may be compared with 
Time : But no Time can ever be faid to be equal 
to any Line whatfoever. 

4. When we compare one Quantity with ano- 
ther, we often regard the Excefs of one above 
the other ; that is, we fee the greater to be equi-- 
valent to the Sum of the lefler with fome other 2 
and this we may-apply to many Quantities, the 
Comparifon ftill repeated. To this way of com- 
paring may be referred that Operation of Arith- 
metic, which we call Addition. 

Ij. Oftentimes only changing the Confideration^ 
we regard the Defeft by which one Quantity 
falls fhort of another. This determining the dii^ 
ference of two Qiiantitys is calfd SuBTaActw^N, 

d. A Quantity which is formM by the rcpeit- 
' cd Addition of the fame Quantity, is fiiid to be 
form'd by Multiplication. 
; 7. The contrary Operaticm, by which we de- 
termine how often one (^antity is contained in 
smother, is caU'd Divisjoti. 
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8. No Omparifon of Quantity s can be cmcer^d% 
Vihich may not be referred to one of thefe four Oferdr 
lions. For a$ to the Extraftion of Roots, it 
Will te fliown in its ptoper time, that it ought to 
be referred to Divifion; 

9. By thefe four Operations every Truth, that 
relates to Quantities, is inveftigated. 

I will now relate what I intend to explain in 
thefe Elements, and in what Order. 

In the fir ff place I will briefly ihow hoW 
Quantity may be fo gtaerally exprelTed, that the 
Expreflion may be applied to any particular 
C^antity. ^ 

Afterwards I Will explain how the Operations 
telating to Quantities fo expreffed, are performed. 

But as new Expreffions may arife from thefe 
Operations, I will demonftrate by what method 
Aefe new Exf)reBidns arc to be managed* 

Laftly, I will tell by what Art and in what 
Order thefe Operations are to be directed in the 
difcovery of Truth. 

10. This Art is called Algebra, as alfo Aka^^ • 
iTSis, and by fom.e Universal Mathematics. . 

The Scope t)f this Art appears from what has 
bten faid to be the Solution of Problems. 

11. Mathematicians call every Propofition a 
Problem^ which requires any thing to be done. 

But that a Problem ihay be folv^d, that which 
is defir'd is firft to be performed 5 and then it is 
to be demonftf ated that the Solution fatisfies the 
Conditions fought^ 

In Analytic Solutions the Operations by^hich 
they are attained, put it out of doubt that the So- 
lutions {q difcover^d are true. 
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Of the ExpreJJlons of ^antities, and the 
Operations about Jtmple ^antities. 

iz.iy /TAthematicians have always thought it 
XVJL very commodious t$ nxfreji Quamities by 
Letters in Algebraic Operations: 

Who does not fee that the fingle Letters a^ h^ 
c, &c. may exprefs any particular Quantity what- 
foever, cither known or unknown ? And that 
the unknown are fubje£b to the fame Operations 
which take place in known Quantities. 

13. But that known Quantities may be more 
eafily diftinguiih'd from unknown^ thefe are de- 
noted by the laft Letters x*, y^ XyU; whilft the 
firft, as a, i, c, ferve to defign known Quan- 

• titys. 

0/Additiok. 

14. 77je Sum of fever al Quantities is exprejfed ty 
joining the Letters that denote each fingk Quantity 
with this S(5» +, which Jignifies PLUS, or more. So 
^ 4" ^> is ^ plus b, and is equivalent to the Sum 
of the Quantitys a and k 

a d 7,d 

a : h f 2g 

a a g g 



■■—■■■» 



aa M+* d+f+^g s^-f 3? 
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'Of SuBTHAcirioN. 

15. This Sign — Ihews the Quantity to he 
taken from another, and fignifies M I N US> or 
lefs. a-^b \sa minus ^, that is, it expreffes the 
• Difference of the Quantities a and b. 

. Examples. 



za 



b 2b 



^ fl — b la — zb 

Of Multiplication* 

Multiplication is a Repetition of the fame 
Quantit)^ or of its Bart {6\ fo that the Number 
oflRepctitions are to be cxpreflcd, and thefe arc 
always expreffed by Numbers. 

16. Every Multiplication thtrefore is performed by 
Number^ and to multiffy Quantity by Quantity is ab^ 
furd. 

17. But Quamityj if compared with another 
which is accounted for Unity, may be defign'd by 
a Number, and be itfclf accented for a Number^ 
mtwithftanding it is exprejfed by a Letter i which is 
always done when one Quantity is multiplied by 
another, to avoid Abfurdity : neither is the De- 
termination of Unity in this cafe neceflary. 

18. The Sign of Multiplication is thisx^ or afimi 
fie joining of the Letters. When a is to be multiT 
plied by ^, we write axb, or ab, 

19. This (ab) is caBed the PaonucT of the 
Multiplication. 

20. Which fame Produft may be exprcflcd by 
ba ; for the Order of the Letters is not regarded 
in Multiplication. 

' B| |f 
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If 3/1 is to be multiplied by b^ the Produft is 
^ab\ but if lais to be multiplied by ib^ it is 
evident the former Produfb muft be doubled, 
And is 6a b. Therefore, 

2 1 . IVhen the Quantities are multiplied by Numbers, 
let thefe Numbers be multiplied feparatefy. 

ti. The Produ£l [pi a by a is aa, which is aU 
fo thus exprefs'd a^. 

li aa or a^ is multiplied by a, the Produ£i: is 
aaa or a\ 

23. For this reafon, when a Quantity is multi^ 
f lied by a Number, that allConfufion may be avoid- 
ed, let that Number be written before the Letter^ 
If b is multiplied by 6, that is, if ic ought to be 
taken fix times ; I write it 6b not b6 left this 
Exprefllon be confounded with /?', which figniT^ 

fies bbbbbb. 

24. The Produfb of /i by ^, or aa, is called 
THE Square or Second Power of the Quantity 
a ; and a is the fquare Root o( aa. 

25. The Cube ot the Quantity aisa^ or a a a, 
it is alfo called the Third Pow^r ; and a is the 
Cube Root of a\ 

26. The Fourth Power of the Quantity a^ 
is a^, which is alfo called the Squared Square* 
The Fifth Power is a^ , and io of the reft. 

27. 'the Number annexed to a, is called the Inde}i^ 
tf its Power. , 

28. T'ht Quantity which is to be multiplied by an(H 
ther^ is; called the Multiplicand. 

2p. T'he MuLTiPLiCATOR is that Quantity by 
V^hich the' Muhiplicatiott is perfernnd^ 

30. T^hat Quantity is called the Product of the 
Multiplication, which arifesfrom it, as has been cb^ 
« ferv 4 in n* 19. 

]EXAM-; 
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Examples Of Multiplication. 

a a^ ab 3* 3/1*/ 
h ab ab 6d 4a/ 



ab a^b aH^ i%bd 12a'/* 

Of Division. 

31. Divifiott refohes what was eampwnded Ij 
^Mtipticationy determining how often on« Quan- 
tity is contained in another. 

32. 1'he Quantity which is to be divided^ is caU 
ied The Dividend. 

33. 7%^ Divisor is the Quantity by which the 
Divifion is ferfomid. 

34. 'the Quotient is the Quantity which fx- 
frejfes ho^i often the Divifw is €p^tain$d in the Dl^ 
vidend. 

is. It is Miciemfy manifefl that the ProduB ari* 
fingfrom theDivifir nmltipUed into the Quotient^ 
is equals w the fame with the Dividend. 

3 (5. Whence we difcover this Rule for Divi- 
fion. From the Dividend blot out the Divifor^ and 
the remainder is the Quotient: \i abxstobt divided 
by a^ blotting out a^ there will remain b^ which 
is the Quotient ; for this Quotient b multiplied 
by the Divifor a^ produces in the Produf): the Di- 
vidend ab. 

37. If there are Numbers to the Letters^ it is evi- 
dent they ought to^ befeparate^ di^^ided (n. 3 j.) 

Examples if Division. 

Divid. ab'i/rk ^ a ' bdl ^ <f <?& 7 r 
♦%. . ?'*Quot. tj r^i^' r^f 
|>ms. tfX. abd S 3^J •^ 

B4 ^S.When 
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3 ft, tnen Divifion cannot be performed Sy thit 
method, as if at is to be divided by/, the Dividend 
is to be written above the Line, and the Divifyr 

ab 
under the fame; fo —r^ ^xprefTes the Quotient of 

/ 
this Divi(}on. 

39. The Quotient in this laft cafe is caffd a 
Fraction. 

40. Titf Dividend (as ab) is called the Nume- 
rator ?f the FraElion. 

41. And the Divifor (/) is ^Af Denominator 
cf the Frail ion. 



CHAP. III. 

Of Operations about compound Quantities. 

42. A Quantity is faid to be compound, when 
XX i'c confifts of various fimple ones /bin^ 
with the Sign^ 4* or — . 

OpApdition. 

• 

43. It is to be obferv'd that a Quantity writ- 
ten without any Sign, is underftood to have the 
Sign 4- annexed ; and it is evident that Addition 
is performed by joining the Quantities to be ad^, 
prejetving their Signs. - ^ 

Examples. 

a-^t 2a— f a«-hs — '^ 



^b^d^f jfl-/-/ 



* 






\ 



XJnwerfal Maihemaiicsl. 



O F S uaT R action; 

44* Subtraf^ioQ is the contranr to Addition ; 
therefore the Quantity to be fukra£ted ntufi have aU 
its Signs chan^^ and then be added to the other. 

" • • • r 

» 

Examples. 



c+^ ^ — ff 4^+^—2 



;> 



m 



In 



1 



iji 

i 






a-^-b-^c — d a+ib fss — 4+i 

O F M U L T I P L I C A T I O N. 

•i 

4 J. It will be evident, if attentively 'eonfiderM, *' 

that each Quantity of the Multiflicand ought to be 
multiplied feparat,ely by each of the Quantities to the 
Multiplicator. 

45. In each of thefe particular Multiplications 
it is to be obferv-d/^ thi- Signs of the Multipli- 
cand and Mukiplicator are fimilar (or thefante) the ^ 
ProduB will be Affirmative, but Negative if they are . 
different. 

47.. This Rule may . be deducM from the 
Examination of all the particular Cafes, which it 
is plain can be but four, for every Multiplica- > 

tion is performed by a Number 16) : Therefoire, 
J. An affirmative or pofitive Quantity may be 
multiplied by an affirmative Number. 2. An 
affirmative Quantity by a negative Number. 3. | 

A negative Quantity by an affirmative Number. % 

4. LalUy, a: negative Quantity by a negative '\ 

rTumber. 






In the firft Cafe, who can deny th^ Produd 

*^be' affirmative ? . ^ ^ ' ^ j 



.^1 
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In the fecond C&ie, it i$ negative ; for to mtxh 
tiply by a Negative is to take away^ fince to mul* 
tipiy by an Affirmative is to. add. 

In the third Cafe, there is a negative Q^aan? 
tity which is taken certain times, and therefore 
remains negative. 

The fourth Cafe is contrary to the third, 
therefore the Produft muft have a contrary Sign, 
or mufk be afl^mative. There is taken away 
in this Cafe a negative Quantity, by which the 
IJcgationyaoiffiieS. So tP.wkeuway a Debt i^ 
to pay it, 

£ X A M P L B I. 

d+f 



ad-\-bd-^4-\-tf 

£ Z A M P t B II. 

■ia-\-g — m 

■ »i » I I ■ ■■ I I J I 

+3^^~3^^ +g»^ 

6aa^^'\-ag — $ am '{-i^'-^ -^ifin-^m* 
48. We have faid (18), that Multiplication 
may be exprels'd by this Sign x j this often hap- 
pens in compound Quantities, in which cafe 
Lines are drawn above the Quantities to be 
multi plied , which feparate them from the rqft; 

thus a + b x/-|- g T-X^ fignifies ff is to be fub- 
tradled from the Produft of the Quantities a-^-k 
multiplied by/ 4" ^» 

4P. What 
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'49. What has been laid of the Method of 
cxprcffing the Powers of fimple Quantities (21;^ 
may alio be applied to compoun d Qua ntities> 
if a Line is drawn above them, as ^ + ^ fignj- 
fies the Cube of the Root a + b. 

OfDivision. 

50. A compound Quantity is faid to he difpofed or 
order d according to the Dintenfions of a given Let^ 
ter^ when in the fir ft place there is PUt a fimple 
Quantity^ which contains the higheft Pinner of the 
given Letter, and the Powers fuccejjively decreafing 
are difpofed in the places following ; 

This Quantity js order'd according to the Di- 
inenfions of the Letter h. 

5 1. In this cafe ah^ is the firft Term, and the 
decreafing Powers of h determine the folbwirig 
Terms : the number of Terms always exceeds 
by Unity, the Index of the higheft Power; and 
this Quantity contains four Terms. 

52. Oft-times fome Terms are wanting, whofb 
places muft then be left void. In the foremcn- 
tioned Quantity, had it been ordered accordifig 
to the Letter a, the third Term would have 
been wanting, 

a^^ba' *+ t^a+fgi*. 

53. Sometimes particular Terms confift of com- 
pound Quantities, as in this Quantity. 

e^+fe^^ llee^^flK 
— X^' '^bmst 

The fecond Term \^fe*—ge^, and the fifth is 
fP'^hmst. 

54. In thcfe cafes we call that the firft Quan-' 
tity of the Term that i^ pppprmoft, but they may 
be placed at pleafure. ' Thcio 



« 
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Thefe things firft remarked, Divifion is to G^ 
' performed by the following Rules. 

5^.1. 7ibf Dinridend and Divifor are to he ordered * 
according to the Dimenfions of the fame Letter. 

2. Let the firfi Quantity of tie firft Term of the 
Dividend^ be divided by the firft Quantity of the 
firft Term of the Divifor^ and note the Quotient. 

3* Let t^e. whole Divifor be mukiplied by the whole 
Quotiem, and let the ProduB be fiibtraEled from the 
\ Dividend. 

4. "The pivifion will proceed by repeating thefe 
Operiftions, and the Sum of the particular Quotients 
will give the Quotiem fought. 

5. In the particular Divifions it is to be obferv'd, 
that fimilar Signs of the Dividend and Divifor give 
an affirmative Quotient^ and different Signs give a 
Negative. 

' It (the pivifion being ended) we attend to the 
. Operktio&s; it will be evident thiat the Quotient 
arifing by thefe means is a true one^ £roi|i 
Thcor. B. 35. - .. 



Divid. { 



Ex AMPLE L 

ab '\'dc j a-^- d Tfrns. 
ac -\-db I r+*c Quot. 



m^ab ■— db 

ac -^^ dc 
'^ ac^-^dc 



£XT 
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♦ 

■• ... 

Example II. 
fl« — ia* \aa-^bb. Quoc. 
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— a^-^-ba^ 






■—b'a-^b* 



k6. When thcfe Operations cannot be produced 
farcher, and yet feme Quantities are left in the 
Dividend, then the Divilion cannot be exaftly 
perform'd ; and thofe Quantities left are called 
the Remainder of the Divifion. 

57. £n thele cafes the whole Quotient may 
be deiign d by a Fradion, or a Fraaion form'd 
out of the Remainder may be added to the Quo- 
tienc found before. 



14 Vnweffai Mathematics. 

If tf /I + *^^ + i*^ is to be divided by tf+^t 
the Quotient will be — ^^jjIT ^•^'^ » "• ^4^ 

0/fA^ Extraction 0/ R'o o t s* 

5 8. T'he Invefiigation (f the Roots of any given 
Powers J is called the Extraction tf Roots, and 
is a peculiar Species of Divifion, in which both 
the Divifor and Quotient are fought together,- 
their relation being given* 

J 9. When theOueftion is only of (imple Qpan- 
tities, the Root, if it can be extra£):ed, is difco- 
ytr^d without diflSiculty ; ^^ has the fquare 
Root a ; 13^ has its Root aa ; and o^ is the fquare 
Root of aabb. 

In the fame manner it is evident that a^' 
has k cubic Root a, and a^ b* the Root ab. 

i will explain what relates to the Square and 
Cubic Roots of compound Quantities, from 
whence the Extn£Hon of the Roots of the reft 
of the Powers will be eafily deduced. 

In the Extra£bion of fquare Roots, it is to be 
obfervM, that in every Square of a compound 
Quantity, there is^ given the Squares of the par- 
ticular Quantities of which the Root confifl^ 
ftrom which Obfervatioti we deduce the Method 
of difcovering the Root to be tried^ 

Ex A MP L S L 

Let there be fought the fquare Root of the 
Quantity aa + lab + bb* 

This Quantity contains two particular Squares 
aa and bb. I extraft the Roots of thefe a and ^, 
which I coUeft \pto one Sum, and I have a + h 

for 
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for the Root to be tried, whofe Square is the 
Quantity proposed. , ^ , , 

do. When the Square of the Root difcover d,- 
dilfers from the Quantity proposed, the Root of 
it cannot be extracted. 



V 
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aa-^ ab -^-hh. ^ 

The Root to be tried is again a + h^ wbofc 
Square aa + 2^^ + *^ differs from the Quantity 
proposed, and therefore the Root of it cannot 
be extra&cd. 

61. How the Signs of the radical Quantities 
are determined when all the Signs of the Quan- 
tities in the Square proposM are not affirmative, 
yill be explained in the following Example. 

« 

Example IIL 

aa •+• 10b — tbc -|- ^^ -f- ^^ "*" ^^^* 
I extraft the Roots of the three Squares aa^ 
U, a, which are j, b, c, and as every Square is 
affirmative (46), the Signs as yet are unknown ; 
but the affirmative Produft 20*, Ihews that thd 
Signs of the Quantities a and b are fimilar (4^; 
and — ibc fhews that the Signs of ^ and c are 
different : The Root to be tried is therefore a+b 
-^c, or c — a — b^ the Square of either of which 
is the Quantity proposed. 

62. A Square is often to be fupplied as in the 
following Example* 

Example IV. 

a^ I — 2a '^-— aabb + z/i^'4- ^*- 
This Quantity contains only two. Squares a^ 
and b^. whofe Roota do not fumce; but 1 fee that 



k — 
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« 

% Square may bkve been taken away by a Qpanr* 
tity with a contrary Sign ; for there is giveri 
•^aabby which Quantity would be a Square if it 
was affirmative. I add therefore to the Quan-^ . 
tity proposed + ^^^^ "^ aMj by which the Value 
of the Quantity is not changed. It then becomes 
a^ — 2a ' b—2aabb-\-aaib'\^ 2ab^ -^b^^ whofe Root 
to be tried is aa — ab — bb, or bb + ab — aa ; the 
Square of either of which is the Quantity pro- 
posed. . 

£ X ▲ M P L £ V. 

a^ + 2a'b + iaabb + 2ab* + b^. 

This contains only two Squares^ whofe Roots 
do not fuffice, but ^aabb may be exprefied 
^Hdbb + ^abb; in which cafe there is given a third 
Square aaib^ and the Root to be tried ism-^ ai 
+^^, which is the true one. 

63. Cubic Roots are inveftigated by a like 
Method; for from the formation of a Cube, it 
is certain that there is given in the Cube of a 
compound Quantity, the Cubes of the particular 
Quantities that ate contained in the Root. 

But as to the Signs, thefe are more eafily dif- 
cover'd here, becaufe a Cube is always aflfeft* 
ed With the fame Sign as its Root, which 
holds trtie in every rower whofe Index is an 
odd number. 

£ X A M I^ L £. 

The Root to be tried is a-^L whofe Cubs 
is the Qiiancity proposed. 

64. Mihen the Root cannot be extraSled it is 

denoted by a particular Sign, y/ab fignifies the 

fquarci 
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fquare Root of the Quantity ab ; s/aa + tb is 
the fquare Root of ^ + W. 
The Sign of the cubic Root is / ; of the Root 

of the fourth Power / ; and fo of the reft. 

(J5. The Roots exfrejfed by thefe Signs are called 
furd Quantities. 

CHAP. IV. 
Of FraSfions. 

66 rV^ HIS general Theorem is firft to be laid 
X down, T%at the Quotient of the Divifion 
is not changed, if the Dividend and Divifr are both 
multiplied or divided by the fame Number. 

a b may reprefent any Dividend whatfoever, 
and rt any Divifor, then the Quotient will be ^ ; 
ifn^andii are each multiplied by J, then abd 
divided by a d, the Quotient is alfo b. The De- 
monftration is the fame with refpeA to Divifion. 

67. In every Fraftion the Numerator is the 
Dividend, the Denominator is the Divifor, and 
the Fraction is the Quotient; (i^y&feq.) there-- 
fore if the Numerator and Denominator are each muU 
iiplied or divided by the fame Quantity, the hraSiion 
is not changed (66) 

6t. A Quantity is not changed if multiplied 
by Unity, and therefore neither is it, if divided 
by Unity (3 1) ; confequently, 

69. We may change a mshole Qitantity into a Frac^ 
tion, if whilfi the Quantity itfelf is placed for the 
Numerator, it has Unity for a Denominator* 
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^ -}- ^ is the fame with 

70. A Whtle Quantity is reduced into a PraStion 
vjhofe DenomnatoY is given^ if the Numerator and 
Denominator of the Fraftion difcover'd by the 
foregoing Rule, are each multiplied by the given 
Denominator (6'j). So la -}- ^ is reduced to a 
Fradlion wbofe Denominator is d^ if we change 

the Fraction mto \ — . 

I d 

71. Which Rule may be applied to Unity its 
felf j and -f is equivalent to Unity, as is alfo 
d aa-\" bb 

d ^rt 4" ^b* 

A Fraftion may be reduced to another more 
fimple, if the Kiimerator and Denominator have 
a common Divifor (67). And by how much 
greater this Divifor \s\ by fo much will the 
Fraction, when reduced, be the Ampler. 

'J 2, A FraBion is reduced to the fimfleft fofjtble^ 
if the Nunkrator and Denominator are divided by 
their greatcft common Divifor. 

I will for this purpofe lay down a Method by 
which the greateft common Divifor of two Quan- 
tities may be found. 

Of Finding the Common Divisor. 

Plate 1 . 73. Let A B and C D be given Lines, v/hofe 
^^g* !• greateft common Meafure is fought. 

If the lefs exaftly meafures the greater, then 
will the lefler C D be the Meafure fought. 

But if after the lefler has been taken from the 
greater as often as poflible, there is ftiU a Re- 
niainder, as EB; it is evident that the Meafure 
fought that meafures CD, will alfo meafure it, 

how 
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-liwi^JDft»:foey!?r repeated: tjiat is, itwillmea- 
fure AE; but it.ougjbt alfo to niealVe AB, 
therefore E B likewile. 

We are therefore to feek the greateft common 
Meafure of the Remainder EB, and the leffer 
CB. 

If die &QiMin4fr £3 «xa^y meafures CD, 
jE B mii )m fipie >l^^M»e fought. If it 4oes not 
zneafure it, let it be taken from C D as often 9s 
it can, then by 4 'JPemonftration (imilar to the 
precedent, it will \!ip £>»ad that we muft feek 
the common Meafiire of this lafl: Remainder, and 
the precedent one E B ; and the Operation is in 
the lame mdOner t^ be .cojiunued, till the lafi: 
Remainder txa&ly meafures the precedent Re- 
mainder. And m)!ni hence we deduce this Rule: 
74, Tvao Qitamifiis At^ng givWy Pxhofe greatefi 
commm' MedfuTi is fought ; Ji'VJde the grputer by the 
hjfer^ rejefling tjheQmifim ; divide the lejfer by the 
Remainder y and c^nwime the Operation^ always re-- 
jewing theQjmients^ and dividing the Divifor rf the 
lafl Divificn by the Remainder of the fame till you 
come to a Divjton without a Remainder ^ the Divifor 
4>f this Divifion is the Qiiantity fought. 

This Rule j^ .fijiSici^nc whiJft Numbers only 
.^c cdnfider'd, a\)A Jbrinj s to Unity^ if they have 
flp ojtUer.xCOioanvwi MfLafure. 

if the Qiiantiiips proposed are Algebraic, there 
are thefe two things helkies to be obferv'd in 
each Divifion. 

7 5 . Try v^her the 'mht^e DPuif^ can ie divided 
by any Qiiantity eitAer fitifpU or fompound^ by which 
the fir ft Term of this Divifor may be divided. 

76. If the fi/ft Term (f the Divifor does not ex^ 
aSily divide thefi^ Je^tm of she Dividend^ the whole 
Dividmd is to be multiplied by a Qiiantity jvhich 
gives, t hi s Div/Jion f^cily. This Qi^^J^itify will be-^ 

C a difgo- 
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difcover'd by a fimple Confideration of theQpaA'^ 
titieSj with a fmall Attention. 

Example I. 

Let there be fought the greateft common Di- 
vifor of thefe two Quantities, each of which I 
have ordered according to the Dimenfions of the 
Letter a. 

— hba-'idd 

^dda 
And 

a^ 4* daa'^bba — bbd. 

ift Divisio N. 

I divide the firft by the fecond, and the Quo* 
tient is i, which I negleA i the Remainder it 

— daa + bda + %bbd 
— - dda — • bdd^ 

which I divide by d C75), and I have 

aa-{- ba-\^ zbb 
— da — bd. 

2d Division. 

By this Quantity I divide the firft Diidfor, 
neglefting the Quotient — /i, and there remains 

baa-^bba-^bbd 
— • bdUy 

which divided by * (75), produces 

aa-^ ba-^ bd 
"•^ da. 

3d Division. 

By this laft Remainder I divide the Divifor of 
the laft Divifion, the Quotient is — i, and the 
Remainder is 2ba, 
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^-^idor^zbd. 

Which Quantity I divide by 2b — id, and 
^ 4- ^ the (^otient is the Divifor of the fourth 

4th DiVISIO N. 

By a-^bl divide the Divifor of the third Di- 
vifion, and there is no Remainder -, therefore 
a + i^ is the greateft common Divifor fought. 

£ X A M P L B U* 

There are Quantities given, order'd according 
to the Dimenfions of the Letters. 

aaff + ^bdg — ddgg 

And 

adhh + afdg — ddgg 

aafh. 

The "greateft common Divifor of thefe 1$ 

fought. 

ift Division. 

I divide the firft Term of the firft Quantity 
hy the firft Term of the fecond, the Quotient is 

t . I multiply therefore the firft Quantity by *, 

to take away the FradHon (76), and then th^ 
Quotient is/j the Remainder is 

ahhdg — ddggh 
— affdg + ddgsf 

The whole Quantity being divided by dg^ 
there is produced 

ahh — dgh 

C 3 Both 
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Both whofe Terms imiy W divided by h^f^ 
fo that ic is reduced to tHs 

Which exaiftly divides the Dt^ifdi* <A fhe l^H 
Divifion, and is the common Divifor feught. 

77. It is to be obferv'd/ that fometimes the 
comnK)n Divifor thus difcover'd ii not the great- 
eft ; which, when it happefis,.ftild how in luch a 
cafe to find the greateft, 1 Sff'iW /hd^ by a* fist- 
ample. 

Ttliefc iktt (^tntWm gfivM,. ardwM «lWr-? 
ding to the Dim^nfikniii 6f the Left^t A ^ < 

afc—fBc 
add — bdd 
' : aif^fH ^ 
And. 

aii-^m 

Th6 gXTB&teft comrttott Rfifb* *f tkeft if 
fought. ' , 

I ought to divide the firft Quantity by the fe* 
cMd (74). ' 

But this Divifor may bere^ed^ (^^}, kficmtei 
both Terms are diviflble by gc+5^+A:+W, an<i 
the Qiiotient \sa'-^ h\ Bji which the Diinfion of 
the firft Quantity proceeds without a RepainT 
der 'y yet a -— '^ is not thfc greaCeft qprnpion pi? 
Viler. \ • • 

78. For the greatefl thmnton 'Dmfor is never 
found, when in any Dtvijtin tl{^ j^dmity by which 

WQ. 
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Ti» reduce theDivifor^ is aljo the Divifor of the Divi- 
dend^ or has a common Divifor tvith the L^idend ; 
as in thijT Cafe, in which 

gc+gd-^-k + fd 
can be divided by c + J; by which alfo the fir ft 
of the given Quantities. )my be divided. 

79. That we may therefore attain to the 
greateft Divifor, we ought to examine in eachfingle 
Divifiony whether the Quantity by ivhich we reduce 
the Divifor has the fame common Divifor with the 
Dividend of that Divijton : Iffoy we are then to di^ 
vide this Dividend by that common Divifor , to re^ 
duce it I 0nd when the whole Operation is fini/h^dy 
ti^e rmfi mukifly the common Meafwre found by this^ 
f articular Divifor. , 

In the laft Example, when I find the Divifor 
may be reduced by dividing it by gc-\-gd-^lc'\'ld^ 
I inquire whether tliis Quantity has not a com- 
mon Divifor with the Dividend ; that is, with 
the firft of the proposed Quantities : And I find 
that c + i is fuch a common Divifor, by which 
I divide that firft Quantity, wh;cb i$ then re^ 
duced to this 

ad'—bd 
4-hf 

I bad before reduced the Divifor to ^ — ^, 
which becaufe it divides the other without a* 
Remainder, is the greateft common Meafure of 
thefe Quantities; I thultiply therefore a — b 
l?y c 7f- 4, aiyd (^ ^ ad^^-^bc^bd will be the 
greateft common Divifor of the Quj^ntities pro-^ 
posM. 

Of the REDUCtjpN of Fractions to a 
CoMi^oN Denomination. 

So. Different TraSlions are reduced to the fam^ 
J)fttpminator by ntuhiplying theNimetator aadDeno^ 

C 4 minatoif 
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minatcr cf each, by the Demminators tf all the reff f 
by which Operation the particular Fraftions are 
not changed (67). 

£ X A M > L B. 

Fraflions to be reduced^ 

ab cbd q - J 

r hi' t' 

The fame Fraftions reduced are, 

abhlr cbdfr qfhl 

fhlr fhlr fhlr 

2 1. If two or more jpenomtnators have "a common I 

'Dfvifor^ thefe before the Operation may be divided by ' 

it. If then the Operation being tnded^ the common 
Denominator y as alfo the Numerators of thofe Frac 
tions which were not divided are multiplied by that 
common Divifor, the reduced FraBions will be more 
fimfle. 

Example. 

Fractions to be reduced, 

/ /2W /^ 

1' Ih' mh' 

The common Divifor of two .Denominators i$ 
h and 

limb abdsm f*sl 
slmh' slmh * slmh' 

ire the Fraftions reduced. The Example dfr- 
monftrates it. 

Of Addition ^nd Subtraction of 

Fractions* 

82. When the Fractions are reduced to a common 
Denominator^ let the Numerators be added or fub* 
traced. Ex- 
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Examples. 

^. ad fs ml 

Given-. - -.. 

The Sum is ^^^i±4^^±^*. 

bbt 

The Difference of the two firft, if fubftraftcd, 

_ adh — fsb 



Given 



afr n--mt' 



ad + itP aa—bb * 

aafr — afrb + dl*— dmb* 



The Sum is ^^_^^^ -. 

>rhe Difference is "^''-""-^j~f; + -^"^^ 

aad — bbd 

Op Multiplication. 

The Multiplication of Fraflions is founded 
upon this Theorem. 

83. Tie ProduS ofaitjf two Quotients is found by 
dividing the ProduB of the Dividends by the Pro* 
duB of the Divifors. 

Let ab be the Dividend, the Divifor a^ the 
Quotient is b. Again, let cd be the Dividend, 
the Divifors, and Quotient ij tbcfe Quantities* 
may rcprefent all poffible Quotients, Divifors, 
and Kvidends. The ProduS of the Quotients 
is hd : the fame Quantity is found, if abed the 
Froduft of the Dividends is divided by ac, the 
Produfk of the Divifors. " - . 

84. FraBions are Quotients, and are multiplied 
by multiplying tbiir Numerators and Denominators 

(38. 83.) 

Ex- 
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Example. 

af , as , aafs 

— by — produces -3—. 
a tn am 

hm , Im . Urn* 
"TT/L '^y 1 produces 77. 

%%. That the Frafbioa which eicpreflef ^e. 

Pfodud may be the (impleft poffibte, it is not 
fufficient to reduce the Fradions to their fimplf ft 
Terms before Moltiplioition. For if the Nu-* 
merator of one has a common Divifor with the 
Denominator of another^ the Produfl may he re- 
duced by the following Rule. 

8d. The Fractions being reduci to their fimpkft 
Terms^ let the Demminatcrs be chat^'d, and then 
reduc d again. By this change the Fradiions are 
indeed alter'di but the Produd is ftil) the fame. 

^^ » 

£ X A MP L £• 

Let there be Fradions to be multiplied 
da"^-- db^ fl\ 

fgaa 4'^^' ^ 4" 2^/* 4- ^b* 
The Fraftions reduced will be 
daa — dbh fl' 



mmmmmmmmm 



fi * aa+ioi + U)' 
An4 changing their DenotninatorSt the^ Are 

And again reduced they are 

a + i' J' 

The 
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ITk Px<icki6 is 



ag-^ig 



87. ^ b BaRm is multifUei by the Demtnatanr, 
th< ProdfSS is the J^wnerator (if. 40.41.) 

O^DlVlSlON. 

88. 7%e Divifion rfFroBims is theDivifionoftbe 
Quotients of a Divifions (38. 39) wAiic^ ^r^ ^x- 
frejfed fy rtemning the Dividende and Divijirs. 

Let ak be any Dividend vrhatfoever, a the* 
Divifor^ the Quotient is h; which is to be di**^ 
vided by the Quotient of this other Divifioo cd 
by d^ which is c. The Quotient tc divided by 
c gives t {at a Quotient, which we may aifo 
difcover by a fingle Divilion. 

Ip« mmufi multiply the Dividend tf the ft ft 
Divifion by the Divifor qfthefecondy and divide the 
ProduSl abed by acd the ProduB of the Divideni 
of the fecond Divijion dravm into the Divifor if the 
fitft^ and iue fiJl iawe h fifr the Quottent^ if the 
Qfket vm Queeiems. "the Divijims here m^de ufe ef^ 

)fefent all f^fJiUe Bivifims. 

a d 
Let there be now Fraftions -^ and ^ of which 

b. C 

the firft is to be divided by the fecond ; the Di- 
vidend of the Hrfl Divifion is a^ the Divifor by 

the Quotient is the Fradkion ^ (38. Jp.) the Di- 
vidend of the fecond Divifion is 4^ the Divifor 
c, and the Quotient — . 

If now we divide ^ hy iK we (ball have the 

QiioticatofthefV*ftians;^ 
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po. We may reduce this Divifion (f FraSiions t$ 
their Multiplication^ if we change the Numerate <f 
the Divifor into a Denominator. 

The Divifor is — , which chang'd is ^ ; and 

this Fraftion, if multiplied by y, gives the 

ac 
Quotient already difcoverM -r. 

db 

It is manifeft that ail which has been obferv'd 

relating to the Multiplication of Fraftions (84.85) 

may be here applied after the Tranfpofition of 

the Numerator. 

Of the Extraction of Roots. 
The Square of the Fraction -t* is rt'^theCube 



b bb 



a' 



77 ; whence it follows, 

91. T'hat the Root of a FraSlion wiB be found by 
fefarately extraBing the Root from the Numerate 
and Denominator : wherefore hither may. he xer. 
ferr'd all that has been explained above (j8, & 
Jeq.) relating to the Extraftion of Roots. 

Examples of Square Roots* 

aa 4" ^^f> "f- bb 
bb 

Has the Root — 7—. 

b 

-72. has the Root -777:, . 



"" ''*" CHAP. 
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CHAP. V. 

V 

Of Surd ^antities. 

'92.Q^rd Quantities may often be teducei to more 
ij fimple onesy which Redu£lion is founded 

on this Theorem : 

93. The Root of a ProduEi is had by multiplying 

the Roots of the Quantities to be multiplied. 

It is evident, if two Quantities aa and bb are 

to be multiplied, that their Roots are a and b, 

and that the Product of the Roots ab is the 

Root of the Produdi a*b\' 

P4. Let there be now a furd Vaabd this may 
be reduced, for it is the Root of the Produft of 
aa by bd^ the Roots of which Quantities are a 
and ^bd^ and the Produft of thefe a ^hd is 
equivalent to the Root proposed (93.) In the 

feme manner /a*^ is equivalent to /J x/^. 

95. Inthiscafe^ the Quantity whofe Root is 
exprelTed by the radicsil Sign, (as here b) is (aid 
to be UNDER THB SIGN, a&d the other as a 

WITHOXTT THB SIGN. 

gS. Roots of the fame Power, which when they are 
reduced to thefimpleft pojjible, have the fame Quan'^ 
tity under the Sign, are c^Z/fi Communicants, as 
^aab ^nd \^ccb, which are reduced to thefe, 
ay^by c\/b. 

97. 7%e radical Sign may fametimes vary without 
changing the Root it exprejfei, for it is evident that 

$Jaa^ v^^', /^"^j V^\ vc. do all exprefs the 
fame Root <?. 

^8 
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9%. "*This Mutation may be made by raijtng the 
."Quantity under the Sign to a Power ^ by-uthofe Index 
the Index of the radical Sign is multiplied : fo 

-/tf * is not chjicrged, if wbilft the Index of the 

Sign is multiplied by 2, to make it /, a» is 
rais'd up to the fecond Power, and is trans- 

.fofj^'drinto #% \^a^ being equivalent to j/ a'. 
PjT. Hence we deduce the Rule by whiA va- 
rious Roots arf reduced to a common radiailSin. 

top. Biir firft we muft teach how to difcover 

' a Number the leafi of all that can be exaBh divided 

by every Index of the radical Signs given ; tor this is 

the Index of the Sign fought^ if we want the (im- 

pleft Rcdii£liofiu 

10 1. The ProduB (f blithe Indexes is indeed «v- 
aBly divifihle by each Index ^ but if any amongfl them 
hasve a common Divifor^ fudi a ProdtHft i« woe the 
,. lea ft that can be divided by each. In this 
Cafe all thofe Indexes wliich teiTe a common 
Divifbr, are to be divided "by it {one only excepted) 
and the Quotiems ar^ to be made ufe if mthe iH&/- 
tiplicatiou^ infteed of the Indexes they proceed from. 

A Quantity, the tesift of atl that is divided by 
thefe five, ab, df aim, In, ag, is ^hus diliovered : 
-Of the three Quantities ^^, aim^ ag^ whi^h have a 
for a common Divifor ; let two, as ab ta^afp^,,b^ 
divided by a, and we ft all liavc b, df, bn, /^ ag. 
Amongft thele,.two Aw, In, have a common divi- 
for / i let one of them be divided by I, and the 
given Quantities are reduced to thel'c, b, Jf^ m. 
In, agy and that the Produft of thefe bdfmlnag 
is divifible by eacbof the .given Quantities, js e- •' 
vident from the Operation it felf. 

102. fVhen the common radical Sign is difcover* d^ 
every Root is reduced to it^ by dividing the com-' 
mon radical Sign by the Index of the Root^ and 

raifng 
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rciifini the Quantity under the Sign to a Pov)er^ 
vohefe Index is the Quotient of that Divifion. This 
follows from what has beea already explaia- 
cd (j>8). 

Example. 

Are reduced to 

«» x% x« 

Va'b'y '^aH\ Va'dK 

In the following Operations, it is always 
fuppofed that the Koots are reduc'd to a com- 
mon radical Sign. We fliall now explain Mul- 
tiplication and Divifion ; and after that. Addic- 
tion and Subtraction. 

Of Multiplication, 

The Multiplioatson of Roots is founded upon 
this Theorem : 

ioj. If the Root of the ProduH of the Powers 
if extraSedf it wiB be the ProduB of the Roots. 

aa and bi may reprefent any Squares ; the 
^oots of them arc a and b, and the Produft of 
Tfaefe is ab. 

The fame Produft is alfo found by multiply- 
ing aa and bb together, and extra&ing the Root 
of the ftoduft aaiby nor is the Demonftration 
diflfereiit in any other Power. 

104. in Multiplication keep the radical Sign of 
the Rms^ and multiply the Quantities under the 
Sigtts. 

Examples. 

v^^ by ^b gives \/ab 



%^a-jrb by \^^—b gives Jijaa'^bb. 
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105. If the RmHt are muUipUed by rational 
Quantities, that is, if there are Quantities given 
without the Sign, tbefe mufi be mukifUea /e- 
faratelj. 

E X A M p L £ s. 

a^h by d^c gives adijbc 
a^/b by e^b gives ae^bb or aeb. 

106. When there are compimnd Quantities to be 
ntanagdy the Rules deliver* d above {^^ ^ 46.) wiB 
be ojf ufe. 

Of Division. 

107. As Divifion refolves what Multiplica- 
tion had compounded, it is evident, 'That in 
Divifion of Roots^ the Quantities under the SiffU 
are to be divided^ and the Sign fiill to be kept. 

Examples* 

\/ab by \/^a gives s/b (3 j. 104.) 
ady^bc by a\/b gives dy/c (35. 105.) 

108. Jn compound Quantities y the Divifion if 
performed by parts ^ as we have above explained. 

Example. 
adb-^a^/f^b-'db^lf^fy/d^^ 
ZZdb +db^df ^V'^+Z/i* 



+ay^fihb ^fVdbgh 

--ay/fghb +f\/dbgh 



0| 
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Of tHB Extraction of RooTSr 

, lop. ExtraEiion of Roots is performed either tfj 
txtraBing the Root of the Quantity under the Sigjig 
or by changing the Index of the radical Sign, or by 
annexing a new radical Sign. 

: The fquare Root of vaa is /a. 
The fquare Root of Vab is y^ -• "v' ^ '• 

The fquare Root of /«-f /W is Va + /WC 

Other things that might be obferv*d relating 
to thefe £xcra£tions^ are of a higher nature. 

Of Addition and Subtraction. 

^ no. In Addition and SuhrdiBion of Roots what 
has been already f aid relating to fimple and compound 
Quantities (14. 43. 15. 44.) is to be obferi/d. 

II J. But it is to be remarked, that the Suni 
may be otherwife exprefled ,• for the Sum of the 
Roots \/d and \/f is indeed /i + y^ but the 

fame Sum isf alio ^d +/+ ^^f^* 

T he Difference of the fame Roots is /i — ^ y/f^ 

orv^J+Z— 2//J. 

The Demonftration of this will be eafy, if we 
confider that the Sum of two Quantities is founds 
if we extraft the, fquare Root from the Square 
of the Sum ; but the Square of the Quantity 
Vd + v'fisd+f^zv'df 

In the fame manner, the Difference of the 
fame Quantities is found by extrading the 
fquare Root of the Square of their Difference. 

Something of the fame nature might be Ihowa 
as to Cubic and other Roots^ but it would not 
be of any great ufe. 

D iia< 
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112. The Sam of Communicant Roots may be 
cxpreflfed otherwife j for a'^h + d^h\% a + h\^b. 

113. But whether the Roots are Communi- 
cants or not, is difcover'd by Multiplication. If 
the Queftion is of fquare Roots^ the fquare 
Root will be exaftly excradied from the Produd 
of the.Quantities under the Signs. 

Let the Quantities be V^b and "/ddbi the 
Produft aabddb has a fquare Root abd. 

1 14. In Cubic Roots let one of the Quantities 
be raisM to the Square, and let this be multiplied 
by the other Quantity ; from which Product the 
Cubic Root may be extrafted^ when the Roots 
are Communicant. 

Let there be y^i »* and i/i^ *, I multiply the 
Square aHbhy dH^ and the Produft aWb^hsiS 
a Cubic Root uadb, 

1 1 J . In Roots of the fourth Power let one 
Quantity be raised to the Cube, and let this 
Cube be multiplied by the other Quantity. 

1 15. And generally if the Index of the Root 
is », one of the Quantities muft be rais'd to a 
Power, whofe Index is»— i, as is fufficiently 
manifeft from what hath been already explainU 
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C H A P. VL 
Of Proportions and TrogreJJions. 

iiy.npHE Sign of Equality is this =. 

X We have obferv^d in the firft Chap** 
ter, that all Comparifon of Quantities may be 
referred to Addition, Subtraftion, Multiplica- 
tion or Divifion. 

118. A^ddition and Subtraction are opppfed to 
each other, as alfo Multiplication and Divifion* 
Wherefore aU that relates to the Comparifon of Q^anr- 
tities may commodioufly he referred to two Clares. 

For in the Comparifon of two Quantities, we 
cither regard their Difference, that is, what is 
to be added to one to form the other, or we con- 
fider how often one is contained in the other, 
that is, by what Number (which may be a Surd) 
we muft multiply one to produce the other. 

There are various things to be obferv'd about 
thefe Coniparifons, before we come to the gene- 
ral Rules by which Truth is inveftigated, and 
Problems are folved. 

up. If four Quantities being given^ the Diffe-' 
fence of the two firft is equal to the Difference of the 
two laft^ thofe Quantities are faid to be in Arithme-- 
tic Proportion. 

120. This is mark'd with three Points *. • thus, 
as 5,7 \* 13, ly. ovajb '.' c^d. 

121. In every Proportion the firft and laft 
Quantities are called Extremes, the others arc 
called Means. 

122. In this Arithmetic Proportion, a,b'/ c,d^ 
from the Nature of' the Proportion a -^ b=c — d 

D a (119), 
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(119), if to both we add h-^- d^ we do not de- 
ftroy the Equality ; and then ^ + i = c-f-^, that 
is, the Sum of the Extremes is equal to the Sum of 
the Means. 

123. Arithmetic Proportion is faid to be continued 
when the firfl Term differs as much from the fecond^ 
as that does from the third, as/, g \'g^ h ; which 
Proportion is alfo thus expreffed -^f gy h. 

124. ^ Series of Quantities, in which the Diffe^ 
fence of any two diretify following each other is always 
the fame, is called an Arithmetic Progrefjion ; as 
5, 9, 12, I J, 18 ,- thefe are mark'd by the fame 
Sign -^ as '^ a, b, c, d, e. 

125. This Progreffion, if the Diflference of 
the neighbouring Terms is », may be thus ex- 
preffed: -t'-^^, «+»3 ^ + 5t», tf + 3»> ^ + 4^i 
&c. And toe fee how from the two firfl Terms given 

any other may befoumS; as for example, the tenth 
is ^ + 9n. 

In the forementioned Progreffion we have thefii 
Proportions, a^ b .\fg, and ^, c /. e^f; and alfo 
c, d :. d, e. From hence we deduce, that a -^ g 
= ^ + /=^ + € = 2d (122) ; theref ore ^ + ^ 

+ C + J-f- ^4-/+^= 34.xa + ^, whence 
we form this general Rule. 

1 26. T%e Sum of an Arithmetic Progreffion is e- 
quivaient to the ProduEi qftjhe Sum of the firfl and 
Jafl Terms, by half the number of Terms. 

127. The other Comparifon of Quantities, of 
which we' have fpoken (iiS), is dete,rmin'd by 
Divifion ,• for the Quotient expreffcs bow often 
one Quantity is conrain'd in another, and this 
Relation is call'd the Ratio. 

128. We difcover the Ratio given betwixt a 
and b, if we divide a by iS, and the Quotient is 
called the Exponent, of the Ratio, 
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1 2p. We divide the firft Quantity by the fe- 
condj to determine the Ratio ; -r is the Exponent 

of the Ratio betwixt a and b ; and on the con-^ 

b 
tjfary, - is the Exponent of the Ratio of b to a. 

130. The firft Term of the Ratio is called the 
Antecedent, and thefecond the Consequent. 

131. A Ratio is faid to be greater, by how 
much the Exponent is greater ; and vice verfa. 

132. Ratio's are faid to be equal, if their Ex- 
ponents are equal ; for in that cafe both Confe- 
quents are contained in the fame manner in their 
Antecedents. 

133. Four Quantities y of which the fir jl has the 
farne I^atio to the fecond^ that the third has to the 
fourth J are faid to be in Geometrical Proportion j of 
fimply to form a Proportion. 

134. This Proportion is thus mark'd :: 

ayh ;; c^d 

lignites that a has the fame Ratio to b^ that q 
has to d. 

Therefore if a is divided by by the Qiiotient 
will be the fame that arifes from dividing c by d 

(117); that is, ^ = '5^ 

If we muhiply each Quantity by bd, we have 
ad =bc ; whence it follows, that in every Propor^ 
tion the ProduB of the Extremes is equal to the Pro- 
du£i qf the Means. 

135. The Inverfe of this Proportion is alfa 
true, T*hat Quantities are proportional^ if the Pro-- 
du£i (f the Extremes is equal to the Product of the* 
Means. 

V/^=*/, I fay/,A::/,^. 

P 3 ^^* 
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For if we divide each of the Quantities by g^ 

we have 7" == — , which demonftrates the Equa- 

h g' ^ 

lity of the Ratio's of/ to A, and / to g. 

1^6. Of one Proportion there may be various others 
formed. 

Let a,ti:c,d. 

By Inverfion t,a:i d, c. 
Alternately a^c ::b^ d. 
Compounded a-^b^b 11 C'\- d^d. 
Divided a — b^b 11 c-^ d^d. 

By Converfion a^a'jrb:: c^cjrd. 

Thefe all arife from the firft Proportion, 
aybitCjd. 

That all thefe Proportions arife from the firft, 
is very clear (135); for the Paoduft of the Ex- 
tremes appears by a fimple Multiplication to be e- 
qual to theProduft of theMeans, if we only remem- 
ber that ad = be from the firft Proportion (134.) 

137. In the fame manner, we may prove that 
any two Proportions whatfoever being given, as 

a^ b :.: c,d 

will by Multiplication form this other, 

afy bg : : ch, dl. 

138. If the fame Ratio has place in both Pro- 
portions, it will be alfo 

^ +/, * + ^ : : ^ + *j d + L 

139. Tlhe Ratio betwixt two Quantities is not 
ehangd by their being multiplied or divided by the 
fame Number^ it follows from a Theorem before 
demonftrated (,66). 

140. If there are given various equal Ratio's^ the 
Sum of the Antecedents is t6 the Sum of the Confer 
quents, as one Antecedent to its Confequent* 

Let 
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Let it be a^biic^ d:x e,f: ig^hi ; /, / 

Alter, a, c : : byd. 

Com. a -{- c, c : : b -^ d, d. 

Alt. a -]- c, b -{- d : : c^ d : : e, fm 

Alt. ^ 4- ^> ^ • • ^ + dyf. 

Com. ^+^4-^> ^-s^+^+^Z^ 
Alt. a-^' c + e^b + d-}- f: :eyf. 

And by continuing it in the fame manner, it 
will be evident, 

a-i-c+e + g + iy b + d +/"+ h + l::iyl, 
or a to b. 

141. /f there are two Orders of QuantitieSy and 
the fir ft is to the fecond in the fir ft Order as the fiyfi 
to the fecond in the fecond Ordery and as the fecond 
to the third in the^firfl Order ^ fo the fecond to the 
third in the fecond Ordery and fo of the reft ; then 
the Sum of aU the Quantities in the fir ft Order^ wiS 
be to the Sum of aU the Quantities in the fecond Or^ 
dery as any Quantity in the firft Order to its corre^ 
ffonding Quantity in the fecond. 

l-et ^, by Cy dy hc tkt RtA Order. 
/> Si K S the fecond. 

byC::g, h •, 
Cyd : : h^ i ; 

Therefore alter 

^,/-5.*, i-?^^ b ;;dyi ; ; 

And 
a+b-^c-^-dy f+ g+ h + i:: a,/, 
(140.) 

* A Ratio is faid to be the Inverfe of another, 
when the Antecedent of one is ro it3 Confequent, 
as the Confequent of the other to its Antece- 
dent. And 'a mutable Quantity is faid to fol- 
low thei. inverfe Ratio erf another, when that Ji 
Increafed as fiiis is diminifhed, and vice verJSi' * ; 

D 4 I4J. If 
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142. If there are given iforims Quantities^ others 
that are as inverfely as thefe, are difcove/d by di^ 

ending the fame Quantitj by each ; ^ t -r , ^ , arc 

relpeftively inverfely,as a, b, c: for — , 7- : : b, a, 

a b 

Ci 3 S ;) as is evideut by multiplying the Extremes 
and Means. 

143. T'hree Quavtifies are faid to be in continual 
Proportion, if the firfl is to the fecond^ as thefecond 
fo the third. 

Ij^^. The Mark of fuch a Proportion is -^v 

-rr- a, b, c, fignifies a,b :: b,c; and 

•^ a, b, c, dy <>,/, J, denotes 

a,b :: b,c::c,d II d,e:: e,f, : : /, g. 

145. Which Quantities are faid to be in 
Ceometric Progression. 

t/^ * 145. Of which this is a Property, that thk 
Sum of aU the Terms except the lafi, are to the Sum 
t)/ all except the firfl, (is the firfi Term to the fe^ 
iondy (140.) 

147. A Ratio is faid to be compounded of other 
fiatio^s, Vihen it is produced by rnultiplying thofe Ra^ 
tios together. Ex.gr. Let (i be double ^ and ^ 
triple d ; now if ^ is both double and triple g, 
that is, twice triple, or three times double, or 
iextuple J this laft R^tio will be compounded of 
the other two. 

. 148. The gxponem of a cowpmnd Ratio, is the 

ProduH of th^ ^xfonms <f ^^^ fUuio's it is comr 
Pounded of. ' 

I4p. Whence we deduce, that my Ratios, as 
•ij to b^ and c to d, fto^, hing given Quantities 
in a Ratio compounded of the fe, will be difcover4 
*^ mltiflyiv^ tkf 4ntf(€dmf md Qonfe^uems toge- 
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ther ; the Exponent of the Ratio acf to b dg^ is 

^—-^ the Produft of the three Exponents of the 

^^ d e f 

precedent Ratio's 7"> Vf "• 

I JO. -4 Ratio compounded of two equal Ratio* Sy is 
talkd a duplicate Ratio. 

l^l. A triplicate Ratio is that ivhich is cont'* 
pounded of three equal Ratio's ; andfo of the refi. 

CHAP. VII. 
Of "Problems. 

PRoblems are Qpeftions to be foIvM, (n.) 
152. T*he Solution of a Problem is the 
Anfwer to a Qucftion, or the Det,erminatio» ef 
the Quantities fought. 

z J 3. The fame Problem has oftentimes various 
Solutions, from whence proceeds the Diftind^ioa 
of Problems. 

154. Thofe Problems are indeterminU'which have 
innumerable Solutions. 

Ex. gr. If there are fought 2 Numbers, whofe 
Produft is 24; the Problem will be indeter* 
minM, becaufe the Number of Solutions cannot 
be determined. For if we divide 24 by any 
l^Tumber at pleafure, the Qi^otient will be a 
Number that^ with the Divifor, will anfwer tht 
Queftion. 

I J 5. Determined Problems are thofe, which baive 
a determined Number of Solutions. 

1^6. 7%ofe which have ot^fy one Sqlution, are faid 
ffi b^ ^ one Gimenfion^ 

Such 
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Such is this : 
Required! Numbers^ whofe Sum is 22, and 
Difference 6. AnC 14 and 8 ; neither is there 
any other Solution. 

157. Problems are faid to te of two DitnenJloHs 
ivhen they have two. Solutions. Ex. gr. 

To find a Number whofe Square plus 5 Is e- 
qual to the Number fought multiplied by 5. 
Anf. 2 or 3 ; nor hath it any other Solution. 

158. The following is a Problem of three Di-^ 
menfions. 

There is a Number fought, which being mul- 
tiplied by 1 1 ; if to the Produft there is added 
its Cube, the Sum Ihall be equal to fix times the 
Square of the Number fought plus fix. There 
are three Solutions of this Problem, and either of 
thefe Numbers i, 2, 3, will anfwer the Condi- 
tions of the Problem ; but no other. 

159. In the fame manner higher Dimenfions are 
determin' d from the Number of Solutions. 

I (hall here treat only of thofe of one and two 
Dimenfions. ' 

160. All Problems are folv'd by Eauations. 

16 1. Two equal Quantities join d by the Sign 
cf Equality^ are caffd an, Equation. This is faid 
to be of as many Dimenfions as are the Dimen- 
fions of the iHgheft Power of the unknown Quan- 
tity in it. 

- 162. By the Rules delivered in the following 
, Chapter, determined Problems are reduced to one 
"Equation, which hath only one unknown Quan- 
tity in it, and this is called a Single Equa- 
tion. 

i5j. In indetermin'd Problems, this laft E- 
quation contains two, or more unknown Quanr 
titles, which (one only excepted) may be deter- 
mine 
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minM at pleafurc ; fo that only one unknown 
Quantity remains in the fingle Equation. 

1 54. In this fingle Equation, the unknown Quan- 
tity muft be fo feparated from the known, as to 
ftand by itfelf in one Member of the Equation, 
or on one fide of the Sign of Equality, and all the 
known Quantities on the other. This in Equa- 
tions of one Dimenfion, is called Reduction of 
Equations ; and in other Cafes the Solution of 
Equations. 

165. T'he fingle Equation has as many Dimen- 
fions as the Problem has Dimenfions or Solutions. 
This Propofition, and in what Cafes there is an 
Exception to it, we will demonftrate in what 
follows. 

16^* Some Problems, in which the unknown 
Quantity has two Dimenfions, are referM, as to 
their Solution, to Problems of one Dimenfion, 
and others in which the unknown Quantity has 
four Dimenfions, are referred to Problems of 
two. 

1 57. Let X be unknown, and let there be gi- 
ven a and ^, xx ^ bb = dx^ is an Equation of 
two Dimenuons, and two Values of x fatisfy 
the Conditions of this Equation. 

But if XX = aby it is referred to a Problem of 
one Dimenfion, and the Value of x is difcover'd 

by a fimple Extraftion of the Root ; for x = \/ab. 
But it is neverthelefs evident, that the Problem 
reduced to this Equation xx = ab has two So- 
lutions ; for we have not only x = \/ab, but 
alfo X = — ^ab. 

16S. But fuch Problems are referred to the 
firft Dimenfion, becaufe they are folvM by the 
fame Rul^s j and this Cafe always holds, when 

;.: • . , the 
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the fame Quantity affirmative and negative^ an* 
fwers the O)nditions of the Problem. 

I fhall treat in the tenth Chapter of Equa- 
tions o£ four Dimenfioi^Si that are referred to 
two. 




CHAP. VIIL 

Of the Rules by which Troblems are 

folv'd. 

'l6p, ' I ^HE ReduSlion of an Ejuation is the 
JL feparating (f one Quantity from the reft 5 
fo that it alone fhaU he found in one Member : In 
which cafe, the Value of it exprefled by other 
Quantities, is neceffarily contained in the other 
Member. 

It is to be obfcrved, that the Equality is not 
deftroy'd, if both the Members are multiplied 
pt divided by the lame Quantity, nor if the 
fame Quantity is added or fubtrafted from 
both. 

170. Whence it follows, T'hat any Quantity may 
be tranfpofed from one Member to another, by change 
ing its Sign. 

By taking away from both an affirmative 
Quantity, or adding a negative on both fides. 

Of the Reduction of Eq^atiqns, 

Rule I. 

171. If the Quantity to be feparated is a Frac^ 
tiony the whole Equation mufi be multiplied by its, 
J)enoininator. 

Which 
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Which may alfo be applied to any Number of 
Fraftions. 

RuLB n* 

a 

172. AU the Quantities in which the Quantity to 
be jeparated is fotmd^ are to be colle£ied in one Mem^ 
ber; all the others being tranfpofed into the oppojite 
one. 

This Tranfpofition, as we have t)bferved| (170} 
is done by changing the Signs. 

Rule III. 

173. Let both Members be divided by the Quott^ 
tity (whether fimple or compound) that multiplies the 
Quantity to be feparated. 

Thefe three Rules are generally fufficient in 
Equations of one Dimenfion, of which we here 
treat : But fomecimes this fourtli comes in ufe. 

RuLB IV. 

174. If the Quantity to be feparated is involved 
with the radical Sign, this is firfi to be taken away 
by feparating according to the precedent Rules the 
Quantity thus involved from, the reft, fo that it may 
be alone in one Member ^ and then raijtng both Mem^ 
bers to the Power whofe Root that Quantity is of* 
feSled with. 

Rule V. 

ij$. If not the Quantity itfelf, but fome Power 
of it is feparated j then the Root of this Power is to 
be extracted from both Members. 

£ X A M p L B. 
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^axx -}- fxx -i- J ' , 

■■ . = ^* — iia^+ aa 

axx + /xx + i^ = ^^i — 2gba + ^^^." Rule i. 
^^^ +/xx =^M — 2gba ^gaa-^d'. Rule a. 

Of the Reduction o'f Various Equations 
TO O^B : Or of the Extermination of Unknown 
Quantities. 

Rule VI. 

176. Two Equations are reduced to one, iy taking 

away one Quantity ; which is done by feparating that 

Quantity fo in one Equation, by the precedent Rules^ 

that it may be found alone in one Member, and then 

fubftituting its Value in the other Equation. 

Example. 
Let there be Equations 
ax'\-dy=fg 
afx+ ddx=ffy. 
The firft is reduced to this, 

^ d 

And fubftituting, in the fecond Equation, for y^ 

its. Value — j— , we have this Equation, in 

which y is not given, afx + ddx ^^ S~Jf^^ 

d 

which is reduced to this, dafx +i/' x =f^g — fax. 

Rule 



V 
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Rule VII. 

177, A Quantity may alfo be taken away by com-* 
faring its two Values together. 

Example. 

Let there be the fame Equations^ 

ax+ dy =fg, 
qfx + ddx ^=ffy 

feparadng y by the Rules of Reduftion, we have 

fg — ax 

qfx ^ ddx 

^fx *4- ddx fji '*"" ax 
therefore -"^^ ^^ ^ — ^ which Equation 

multiplied by dff, gives the fame we found by 
Rule VI. d^x +i'x=/'i ^ffax. 

Rule VIIL 

178. When there are given many Equations ^ one 
Quantity may be taken away by Rule VI. & VII. 
and the Number of Equations will then be dimini/hed 
by Unity. 

By Rule VI. feeking the Value of the Quan- 
tity to be exterminated in one Equation, and 
fubftituting that Value inftead of that Quantity 
in the other Equations. 

By Rule VII. feeking the Value of the feme 
Quantity in all the Equations in which it is 
founds and comparing tho& Values together. 

Rule IX. 
I7p. By diminifhing continually the remaining £- 
potions by this Method^ we Jhall at laft come t6 one 
mly Equation. 

Ex- 



r V 



48 Unwerfal Matbemaiics. 



t 



JbLX AMP LE. 

a:,4- uz=d 



^za^^y — Jt/ 



a—'y + ^ = c. 



«ki* 






We will here add the Application of the fc- 
cond Method to the fatue Example. 

x + 2'4"<«=<'' x=5=c — si:, — « 



ifc* II 









fi 



i» — J' = C — ^^« J^=^ C + ll 

The Methods hitherto explained can have 
^lace only when the Quantity to be exterminated 
is of one Dimenfio^ : I therefore add the two 
following Rules* 

Rule X. 

1 80. If the Quantity to be exterminated is of many 
Dimenjions^ then from the Equations in which it is 

fmnd^ 
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fmni, there mufl be others fornid, by comparing t(H 
gather the different Values of its higheft Power. 

Thefe Values are found by the alfiftance of 
the Rules delivered about Redudion. 

Rule XL 
181. But when the higheft Power is not the fame 
in two Equations, one if the Equations is to be multi^ 
plied by the Quantity to be exterminated, or fpme 
Power of' it* 

£ 5C A M i> L £. 

Let there be fought two Equations, in which 
X is not found from the given Equations. 

axx + byx = yyz^ 
dxx + /ix = aaz 
exx + ddy ^ffz. 



yyz> — byx 

a 

aaz, — J%x 
XX = % — 

ffz . — ddy 

From thefe three Values of the Square ots, 
we form two Equations ; 

yyxr~byx aax, '^fz/A 

a ^ 

aax^ fey ^_ ff^ — ^^y 

The third which may be form'd out of thefe^ 
is not to be accounted a new Equation, 

But we want three Equations, becaufe ther« 
pught to remain two after x is exterminated. 
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I therefore take one of thefe lafl Equatbni^ 
and feek from it the Value of xx, and compaio 
it with one of the three precedeat Values. 

The firft of the two laA Equations gii5c« 

* ^^ AU f > ^°^ multiplying this Equation 

, dyyx,% — /I'z^x ffx^ — dds 

by X, produces xx=s " * , — 75 — = ^. 

And the Fradlions being taken away by Mul- 
tiplication, we haye the three following Equa- 
tions ; froni which ;^ may be taken away, by re- 
cfucing them to two (according to the Methods 
already explained, 176, 177.) 

dyyz, — dbyx = a^z^ — afiux 
ea'z. — efz,x = df/z^'-rd^y^ 
edy ' jcx — ea ' zjc=dhf^^ — J ^ hjy-^af^t^^ -^afddzy. 

Of the Solutiok oj Erpwems. 

Rule XII. 

182. ^ Problem muft be confider^d abfiraSily. 

Every Queftion that can be propofed about 
particular Quantities, may be applied to other 
Quantities, as is fufficientfy evident ; and there- 
fpre the. Solution will ali^ take* place in tbpfe 
otliers : for this reafon, every thing ought to be 
removed out of thp queftion, that is not necc?fla- 
rily to be confider*d iii the S©I.udQO. JSpc. gr. fup- 
pofe this Queftion propofed : 

A P erf on being aslid how old hewas^ anfwer^d^ if 
16 isfubfiroEied from^hrke my Ag^^ the Remainder 
viiU as much exceed an hundred^ as my Age is Jhort 
0fit. Q«. IVhatiaas^Us Agei 

In this Problem I do not confider whether th^ 
Queftion was really ask*d or not ; I do not exa- 
mine whether it is Years, or other Quantitjiesu 
that enter the Queftion ; but, according to the 

above- 
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above^mention d Rule^* I reduce the Problem to 
this. , . 

A i^ufUhet is fmiHt, from the Triple of which^ if 
1 6 is fubflraBedy the Remainder wiB as much exceed 
OH hkndred'^ ds an hundred does thi J^umhet it felf 
fiughf. 

Rule XIIL/ 

1-8 J. Anjttbi)ig that if btown relating to the Que^ 
fiion^ tho fibt fropds*d^ is to te made ufe of in ph^ 
ingit' 

., I will illuftratc this Riile by an Example. Hiero 
King of Syraafe asked Archimedes vrhat quantity* 
of Silver v/as mixed with the Gold in his Crown ; 
the Crown m^ht.be wei^,h*d, or otherwife exa- 
miixM, ptovided it was kiept intire. 

Every one fees, that without the affiftance o^ 
fomething elfe known, the Problem could not be 
folv'd J but he compared the Content of the 
Crown with thi5 Contebtis of a quantity of Gold 
and a quantity of Silvier of equal weight with 
the Crown. This he did by immerging thefe 
Bodies in Water, and meafuring the Water 
flowing over the Veflel, which was fiuM with 
Water before they were put in. He then foun- 
ded his Calculation upon the Contents thus dif* 
coverM. See another Solution of the fame Pro« 
blem^ vid. Prob. 3 j^. 

rVie xiv: 

184. The Quantities made ufe of in the Conditions 
rf the Problem^ ought to be exprejfed by Letters, 

I muft here obferve the great Ufefulnefs of 
'^fhat has been remarked above concerning the 
Diftinftten' of Letters, by which the known and 
unknown Quantities are denpted (13}. 

£ % Ruiv 
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RCLB XV. 

i8;. Ejueitiotts muft h ferm'd fi-om aS the CohM- 
tioiir of tht Problem. 

The Conditions of the Problem are cither E- 
quailties betwixt certain Qjuantities, that is, £- 
quations ; or other Relations that Equations may * 
be fbrm'd from, (123. 134) 

In order that a Prrfjlem may be determin'd, 
it is neccffary that all the unknown Quantities 
fhould be determin'd ; that is, there are as many 
Determinations required, as there are unknown 
Quantities. Each Condition contains one Deter- 
mination, and alio produces one Equation : 
Therefore the Problem is not determin'd, unlefs 
there are as many Conditions, and confequently 
Equations, as there are unknown Quantities. 

Rule XVI. 
i8(5. By the foregoing Rules, the Equations are to 
be brought to a Jingle one^ -which is it fe^ to he reduced 
or folv'd. 




CHAP. 
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C H A P. IX. 

Of the Ufe of thefe Rules in Troblems of 
one T)imenfion^ and of avoiding fome dif- 
ficulties which oftimes occur in Solu- 
tions. 

1"^ HE Rules by which Truth is difcoverM in 
the Mathematics being already explain'd, 
it will be neceflary to illuftratc the t/fe of them 
by Ibme Examples. 

And as Difficulties often occur, I will point 
out the Caufes of fome of them, and ihew how 
fometimes they may be avoided. 

Problem 1. 

187. Two Merchants lay out each an equal Sum; 
the fir ft gains 1 25 fl. thefecond hfes 87 fl. The Sum 
of the fir ft is mm double the Sum of the fecond ; 
Qu. IVhat did each lay out ? 

If the Problem is abftraftly confider*d, accor- 
ding to Rule 12,(182) it may be reduced to 
this. 

To find a Number^ to whii^h ifji 1 16 he added^ it 
JhaU be double the fame Numbef^ when 87 is taken 
from it. 

Let the Sum fought be called ^ then the Con-* 
dition of the Problem is this; x^-^ iz6 is equal 
to twice x-—? 87. Therefore 

y-f-i26 = 2x — 174. 3oo==5c. 

But if we defire an univerfal Solution, let a 
be the (3^in^ and i the Lofs. 

E 3 pc-f'^ 
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Whence we fee, that however the Lo^ iind 
Gain may be varied, the Sum of the Gain^ and 
double the Lofs, is cquivalpnt to the firft Sum 
fought. 

P ^ O 9 L E 14 H. 

188. AWhrhnan having received fivf ff^eks 
Pay, and 6 Florins vver, commtes. to Vfixk two 
Weeks longer : he then finds he had but a quarter of 
Vihat he received left, and being paid for the other 
two Weeks, he finds he had 2 1 Florins : Query, What 
'^as his Pay per Week ? 

By Rule 12. (182.) the Problem is r^ijped xp 

this ; 'To find a Number, which muhiplie4 ly y ofid 
added to the ProduEi, aifd this S^nt divided bj 4 ; 
if to the Quote there is added twice the Numbe^ 
fought^ the Aggregate /ball bezi. 

Let the Number fought be x ; this multiplied 
by 5 makes yx, adding 6 zq jt, we have $x+6. 

%X r^ (5 

|Let it he divided By 4, — — , and add to it 

4 , 
twice X, and the Sum is equivalent ta 2 1 ; th^t 

is, 

5^ + tf , 

— -f- 2X = 21 

4 
SX + <J + 8x = 84 

Problem HI. 

i8p. Five EBs of Cloth co/l 174 fl. Qu. »5&«tt 
wll fourteen: KHs, coft, ? 

Let the Pri?e fought t>e x, it is eyi^^t th^t y 
is to 1 4,' as lyt to t^^Njuj^^ 9f Flp^i;!^ foj^^hp* 
Wherefore 
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5X = 14X 17^ (134) 

X = = 49 

5 

ipo. From this Solution we deduce this gene- 
ral Rule : When the three fir ft Terms of a,Geome^ 
trick Proportion are given^ the fourth is found by fHul-' 
tiplying the fecond and third together^ and dividir/^ 
the ProduSi by the firfi. Which Rule, by reafoft 
of its great ufe, is called the Golden Rule, afe 
alfo the Rule of Three, or the Rule of Propor- 
tions. 

Problem IV. 

191. A Merchant borrov/dfome Money ^ and pro-' 
mifed 5 per Cent, per Annum Interefi. Qu. IVhat 
Sum ought he to pay at feven months end^ for the Ufe 

It is clear, that thfe Interefk miift follow the 
Proportion of the Time ; and alfo of the Sum, 
that is the Intereft, is in a Ratio compounded of 
thefe. Therefore 

A Number is fought, that may be to y in i 
compound Ratio of 7 Months to 12 Months; 
that is, in the Ratio of 7 to ri, and in the Ra- 
tio of 66$ to 100. Confequently, if x is the In^ 
tereft fought, 

12 X 100, 7 x66$ : : y> X 

x= ' ■' = 19tt 

12x100 

Problem V. 

ip2. llbree Merchants gained in Felkwfiip ij6o 
Phrins. The firfi laid in 2000 Florins, and at a 
years end drew it om again ; the fecond pit in 660 
Ftorim for feven months. ; and the third 12 jf ^ forfiut 
tHonths : How is the Gain to be divided } 

P4 It 
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It is manifeft, that the Gain is to be divided 
in the Ratio's of the Money each brought, and 
the Time they continued it in : therefore the 
Problem is reduced to this ; 

To divide 1 5 5o in three parts, which may be 
betwixt themfclves, as 2000 x 12, 600 x 7, 1255 
X5. 

Let thcfe parts be x, j', jl ; now we have two 
Orders of Quantities, of which thofe that are in 
the firft Order follow the Ratio of rhofe that 
form the fecond Order. We have befides the 
Sums of both the Orders ; for x+J'+«'=i5<Jo, 
and 2oooxi2 + <f^ox7 + 1255 X5 == 34895. 

Therefore (141) 

- C2000X 12=24000, X 
?48P5, X5(^o :; < d6o X 7 = 4620,;^ 

(1255 X 5 — 6275,2:. 

Hence, by three Rules of Proportion the un-p 
Jcnown Quantities will be determinU 

P R Q B L E M Vlf 

ipj. Groen the firft ^ fecond and lafl Term of a 
Ceomftrkal Proportion, to find thf Sum. 

Let a be the firft Term, b the fecond, d thq 
laf^, and x the Sum \ we have 

a,b :: x — d, x-ra (14^.) 
bx '-^ bd =z ax -^ aa 
bd — aq 

b — a 

Problem VII. 

1P4. 7%e Sum of the 4?^jo/John, Jjimes, Peter 
nif^Paul, is j>8. , 'Tke Age of Paul n fhind by ta- 
king 1 1 from the Sum of the Ages of Peter and John, 
the Age of James taken from the Age of Paul, and 
2 added, makes the Age of Peter : hftly, the Ag^ 
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4)/ John is lefs by three than half the Sum of the Ages 
if Peter and Paul Qu. What is the Age of each ? 

Let u be the Age o? jfoAn, x'the Age of James^ 
J of Peter ^ and z, of Pauk 

The Conditions of the Problem abftraftly con- 
fidcr'd, and algebraically exprefled, give thefe 
Equations. 

»+ y — II == JC 

j^ + z. = 2« + tf 



«/+ 22:, = 95 



« 4" 22i = P5 2%, = 5^y — n 

100 z= 411 1^= 25 

Therefore, 

22,,=^py — « = 7o &2:,=i35 

y :=:%, «+II =^I 

x = jc— ->+3 = i7 

Obsekvation I. 

195. Ofcimcs the Equations of the Problem 
are reduced to a Hngle one more eafily than^by 
the methods of ». 178, 179. but as this depend^ 
upon the particular Relation of the Equation, 
which may be varied to infinity, tlicfe more (imple 
and elegant Solutions of Problems, which are 
feunded upon fuch particular Relations, can ne« 
ver be brought to fixed Rules. But we ought to 
note, that by the Addition or SubtraAion of two 
Equations, a more (imple one is oftimesform'd ; 
at which in mgny i^afes we Ihall alfo arrive, if 

wc 
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vre compare two Values of thfe fame compound 
QuaiiTity together. Oftim^s by thefe Opera- 
tions alone tome unkno\;«rn Quafttities are exter- 
minated^ a$ in the two following Examples. 

PHOBLEM VIII. 

1^6. 7here are tw9 Quantities fought, whofe Sum 
(tnd Difference is given. 

Let the Quantities be x and /, let the Sum be 
a, a^d Di&rence t ; the Equations are 

x — y =k 
Xhefe Equations being added,, we have 

Or the fecofld fubftradted from the firft, 

- ., - , ■ 

2y = a — » 

Problem IX. 

197. There is given the Periphery $0^ and Area 
^40, of d right^ngled Triangh, to^ find the Hypo-^ 
thenufe. 

Let the Sides be x, jr, x,; the Hypothenufe x ; 
the Equations given are 

yz, =»48o 
' To which, becaufe it is a right-angled Trian- 
gle ; thiSi third is to be added : 

\' yy -^^ %,z,^= XX ' 

\ if the fecopd Eq^uation i^ multiplied by 2, and 
jadcied to tl|^ thirds wehavej(j' 4- 2yz.-{''7A^;:sz 

XX+ Jt^Q-, 

" The firft Equation ^ives ;i + ^i' — 80 — x. 
: The Squares cf the Members are equal ; 
yy 4- 1^ 4^«4c SB tf4oo-r- itfox + ^^ 

^ There*. 
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X = 34 

■ • 

Observation. ?L 

fj^ay be gv<)i4ecl, by ^\k^ ^ ^ C^$m\t^h 
rjbsfli&lv^ tbap ^re c|e(ire4., t?fU: (itfaers from 

This h^L^ pkte ia gll f bof'e C^fes ie whicii two 
linl^no^irn C^nticiief ^re ibun4 aa the Atsae mtnr 
nCT, in »1I the Eqi^tw^H^ where aiith** of them i& 

Ex.gr. Let thej?Q be foMgbt two. Numbers; 
Whpfe S«m is<?i go4 their Produft A ; if thefe 

It is evident in thefe Equa^i^s^, that x. ekn- 
not rather defign the greater Number than thii 
kiler, and mv& ther^ore- neccfliarily have a 
double Value in the Solution. le is^ the fame 
if their- Produft isg^vc^ and the Sum of theij 
Squares^ and in 'infttiiinerable other Problems; 
In aH thefe Caibs^ notwithftandin^ the ProUem 
has oiSy one Solution, we cannot attain to it 
withfout^fbiving a Fr6blem of -twe^ Dimenfftons. 

i^cj. But in 'fell thife- Cafes; when ProWenxs 
arrive*' to two Dimenfioh* from Ihis Caufeonly,^ 
as they do for the • moft part wheii Equations 
are not very much compounded ;^ the Problems 
may be reduced to one Pim.eB^on, by feeking 
the Sum and Diflference of thofe unknown Quan- 
tities, which have thg^ iame rdtaticMi.: -Thefebe^ng 
found, the Quantities thcmfelv^ .a» give»i 
(i$ul)4 \iXJit me ahsrayschave the Cafe of n^.ir66. 
ds to the unknown Quantity that repreients- the^ 
'•■• . ^^ Diffo. 
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Difference, becaufe the unknown Quantity may 
have a negative Value, but this is neceffarily 
equal to the pofitive. 

If> '^' ff* the Sum of two Quantities is called 
2x, and their Difference 2y^ the greater will be 
x+J'j and the Icfler x — jy if > is a pofitivc 
Quantity ; but contrary, if it is negative. Put 
% ;=7, and J' =3, then x + jj[=io, and x-«-jrca:4; 
but if y=' — 3, then it will be x + JT = 4, and 
y^FTf-jf =5= 10. Therefore in the Solution of the 
Problem J' has two Values, 3 and — 3 ; but it is 
but the fame Quantity affirmative and negative, 
and therefore belongs to if. 1 66. 

In the fame manner x will fometimes have two 
Values,^ which will be expreifed by the fame 
Quantity affirmative and negative, if the fame 
Quantities being ncj^ative, iatisfy the Conditions 
oTthe Problem, as in this : 

Givei^tbe Produii of tv)o Numbers^ and the Sum 
tf their Squares J to find thofe Numhers. 

In this Problem, if the Numbers are called u 
and fc, as u cannot exprefs one of the Numbers 
rather than another, u muft have two different 
Values in the Solution ; and thefe two Values 
fuppos'd negative, will alfo anfwer the Que* 
ftion. Wherefore aft^r the Solitfiop of ^ Pro- 
blem of two Dimeniions, we have ftill the Cafe 
pf «. 1 56. remaining. But we may bring .it to 
this by the Solution of a Problem of one Ditnen-^ 
(ion, if pne of the Quantities is (palled x + r, and. 
the other x srr j^. 

Pi(.obi.emX. 

200. Tlhere are fought two Quantities ^ wbofeSum 
and ProduB is given. 

Let the Sum given be la^ and the Product b ; 
\^t the Plffereocc ()e 2j. 



Unmrfal Mathematics. 6i 

The Quantities fought are ^ + J' and '^ — j^ 
(199) whofe Produft is aa — yy. 

I, :sszaa'— yy 
yy = aa^^' b 

y = Yaa — b 

Problem XI. 

201. 'f here are two Quantities foughty their Pr(H 
du£l and Sum of their Squares being given, 

Lee the Produdl be ^a^ and Sum of their 
Squares 4^. 

Let the Quantities be called x-\-y and x — y^ 
the Produft then is xx — yy^ and their Squares 
XX -f- 2xy + yy^ and xx — 2xy + yy. There- 
fore 

xx-^yy = la 

XX 4" Jiy = 2^ 
The Equations being Hrft added, and then the 
firft fubftrafted from the fecond, we have 

2XX =: 2/« + 2^ 

2jjy = l b — l a 

X=:V 7+b 

y^Vb-^a 

Problem XII. 

202. 'there are three Numbers fought in continual 
Proportion^ their Sum and Sum of their Squares be-- 
ing given. 

The Sum of the Quantities is a^ the Sum of 
their Squares b. 

Let the Quantities be ttt j, «, a. 

The Conditions are j + « 4- ^ =-^ 

s^^=;uUy becaufe of their 
coqtinual Proportion. 
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In this cafe x artd % ate foitad' Jtf the lateie 
manner in all the Equations ; thirefort ti\^ v^re 
may dcprefs the Pr6blem t^ end Dimenfion, let 
y + jf = i, and X — y = a^ (J^?JK.) then the Pro- 
portion fought is -f^ x+ J^ % *""^J' ; and the 
Equations are 

If ik thd fecdnd^ E<fuaciog iofteiad oB mire 
wtite its Value, we have 
^xyt^yy^^ 
Atvd the third Equation tei^ siddtf^. 

in 1^ 2X = a- — u 

Therefore 4XX = dct^^ ^au -^ uu=:z t+ uu 

aa — 2^* == ^ 

Therefore in i* wr — ■ 



2a 

X 



aa"Ar b b 

►»—*—— SB — /I -^ — 

In the 3* 



yy'=i±X^'^*»UW 



yy 



y^^^r lom'^^aa 




.3^ 



0»S^!l%*A^T^ION III. 

1^. Tfieftf-x^if occtlrs^ a great Difficulty in 
tife* Sdtitidtf* of P4*(Jblems with relpeft to the 
fi^rming Equations from the given Conditions. , 

We 



We baya isdeed remarVd abov& (i&5> that 
every G^nditii^n o£ a Pro^Imi g?ve$ aa Equation i 
but ofcimes the Equalities or GLdations which 
ought to form thoie Equations^ are not dixeAly 
exprelTed^ although they are contain'd in th9 
Qonditjons, 

In this cafe we muft gamine whether there are 
not fome Quantities CQnfider'd in the Problem, 
cither known or unknown, which are not ex- 
prerfed in it : if there are fuch, they muftr be 
defign'd by Letters, and by the help of thefe 
Equations rouft be formM,expreffing the Relation: 
of the unknown Quantities either amongft them- 
felves, or with thofe that are known. 

204. If fuch are not 'given, or do not fuffice, 
we muft examine whether the known or un- 
known Quantities^ mentioned - in the P^oblem^ 
kave not Parts^ the Relation of which eithtr a- 
mongft themfelveS) or with other Qiiantitiesy 
snay be difcoverM from the Conditions of th^ 
Problem. If there are fuch Parts, whether 
known or unkno\Kitii^ they, are to be exprefl'ed by 
Letters ; a^d from their Relations,, £quati(»)5 
muft be form'd. 

Fti.orsLfiM XnL 

^Q^• A cubic Foot vf Sea- fait IVaur ^weighs a*; 
a cubic Foot if Rain Water c ; there is fome other 
fait tVater^ a cubic Ffiot of which weighs b, an inter- 
mediate betwixt a and c. Qu. What Weight of 
BkimlVater rmfi b^ added to a cubkFmofSea 
Wat^f that the Miictur4 ntag b^eqnaUjfah withsba^ 
ntevti^nedf 

Let the Weight fought be x ; it muft be> rei* 
member *d, that the BcAh of Sea Water madm 
ufe of m the Mbture ii acttbic Foot^ becaaafe 
the Bulk is to be taken notice of, when the 

Weights 



If 
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Weights are determin*d. I aMb perceive, tfiat 
the Bulks of the fame Water are to one another 
as their Weights. 

That I may therefore more eafily arrive at 
Equations, I call z the Bulk of Rain Water, 
whofe Weight \sx ; 1 alfo call a cubic Foot p. 
I have now relating to the Rain Water, 

And becaufe a cubic Foot of the Waters mixt 
weighs by there is the fame Ratio betwixt the 
Bulk pj and the whole Bulk ^ -f- ® of the Mix- 
ture, that there is betwixt the Weight b and the 
whole Weight a-^-x oi the fame Mixture, 

Whence there are two Equations formed, by 
which the Problem may be folv'd. 

Thefe two Proponions may alfo be reduced to 
one, and the Problem to the Rule of Proportion, 
if we remark that from the laft Proportion this 
may be deduced, (135.) 

Which compared with the firft, gives 

c, X 2 : by a — b -^-x 
By Alternation, Inverfion, and Divifion, we have 

b — c, c : : a — b^x 

Problem XIV. 

2o5. T^ere are three Meadows eauaUy good a b 
C, in vibich the Grafs grows uniformly ; d oxen in 
the time e eat up the Grafs in a; f oxen in the time o. 
eat up the grafs in b. jg//. How niany Oxen wiS e^ 
up the Grafs in c, in the time h ? 

Let the Number of Oxen fought be x. 

Let 
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The Conditions of the Problem do not exprefs 
the Relations, from whence Equations can be 
form'd. But becaufe regard is to be had to the 
Grafs which is in the Meadows, when the Oxen 
enter, and to the Grafs that grows Afterwards^ 
I diftinguifh the Oxen in each Meadow into two 
Parts. 

I put d =y + ^ J Ae Oxen that feed on the 
iirft Grafs are y, and thofe that feed on the 
Grafs that grows afterwards z». In the famd 
manner 1 put/= / + wj and x = j + r. 

By how much the Meadpw is greater, fo 
fhuch the Number of Oxen (cateris paribus) is 
greater ; but by how much greater the time, by 
10 much a leffer Number of Oxen are re- 
quired to eat up the fame Grafs. Therefore 
the Confideration of the Increafe of the Grafs 
being &t afide^ the Oxen are to ohe another di- 
re£tiy as the Meadows, and invlsrfely as the 
Times: that is, 7, f,i are amongft themfelve^ 
dire£lly as a^ by c, and inverfeiy as ^, ;, h. 

The Oxen that feed on the Grafs that grows^ 
After they enter, are to one another as the Mea- 
dows, for the Ti(tie is not to be conliderM ; that 
is, t, Uy r are to one another as a, ^, c. 

Thefe th\tig$ laid down, the fprming the E-* 
quatiops and the Solution is very eafy. 

F lit. 
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a c ecy 

a^ k : : at, » == — 

a 

4 ■ 

There arc now given feven Equatibhs, with 
feven unknown Quantities ; and fubftituting in 
the ftcond and third for t, j, u, r, their Values 
which are found in the laft four, thefe three 
Equations remain. 

d =sy •-(- sc y ^^d-*^ z* 

agf=eby'\-ght, 
ahx = ecy -f- hcz. 



agf=^ ebd — ebz, + i^^ «' == '^ — 



ahx = ecd — tf JC + hcz* 



gb--eb 
ahx — - ecd 

hc-^ec 



agf'^ehd abx — ecd a^b ^ s cgfe — > hctiib - ^gbecd 

gb '^ eb ^"^ be '^ ec ^ "^ abbg ^- abbe 

Observation IV. 

107. Soifaetimes it happens that the Condi- 
tions that determine the Problem, do indeed con- 
tain Equations ; but in fome Equations there is 
no unknown Quantity to be found. In fuch a 
cafe thofe Equations are of 00 ufe as to the ex- 
terminating the unknown Quantities, and can- 
not therefore immediately forward the Solution. 

On thefe Occafions, in the firft place there 
muft be new Equations form'd from the given 
ones, to which the above-mentioned Opera- 
tions (xytfj&c) may be applied. New Equa- 
tions 
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tions may always be produc'd from thofc given, 
if (as is fuppos d) chey Goncain a Determinacion 
of the Problem. 

PllbBtBM XV. 

108. OfvArims Mixtures given ^ to cmpound a 
new determined Mixtiire. 

Let there be given three Mixtures of Gold^ 
Silver and ^Copper ; the Quantity of Gold in the 
firft Mixture /i, in the fecond t, in the third c 1 
the Quantity of Silver in the firft d^ in the fecond 
e, and in the third/; the Quantity of Copper in 
the firft g, in the fecond A, in the third 1. There 
is to be a ioompound Mixture in which the 
Quantity of Gold is/, the Silver w, and Copper 
n; it is to be determinM how much of each of 
th^ former Mixtures is to be taken* 

Let Gold be called A ; Silver B ; and Copper 
C ; the firft Mixture M j the fecond N ; and 
third O ; the .Quantity fought of the firft Mix- 
ture X ; of the fecond j^ ; and of the third Mixtxire z^ 

And that the Equations may be the more fim-^ 
pie, I put 

c+/4f = j 

The Conditions of the Problem are contained 
in the foHowing Equations. 

ak'\'dB+gC^oU 
. - *A+eB+AC=^N 
cA'+/B+7C=?0 . 
/A + wB+»C^xM + ^N4-2,0 

Gply the laft Equaticfi contains unknown 
QuantitieSj the others thextfore cannoc contri- 

Fa buto 
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bute to the Solution, unlefs new ones can be 
formed from them. 

But this may be done by conddering that /A 
is the Quantity of Gold given in the whole Mix- 
ture, that is, in xM^ in>N> andz*0; novr 
this Gold may be otherwife expreiTed, if inftead 
of M, N, and O, in the fecond Member ff£ the 
Equation are placed their £qaivalent$ AcUgcid 
by A, fe, C. 

I fubftitutQ thensfore in the fourth Equation 
inftead of M, N, and O, their Values deduced 
from the three firft cxprefs*d by A, B, C, and 
tompare the Gold> Silver, and Copper in the 
ifirft Member with the lame Metal in the fecond, 
by which means I form three Equations for the 
three unknown Quantities. 

The three firft Equations give 

^A+^B-f gC_ j^ 
*A+^B + *C ^, 
cA + /B + /C^ 

And the laft is changed irito.this 
From whence thefc three are deduced 

Thcf« 
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Thefe three Values of the unknown Quantity 
X give two Equations, which will be more (im- 
ole, if each is multiplied by fq^ and then divided 
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dpql — apqm + 2Mfp — tMp 

dkq — aeq 
. gpqj — apqn •}- z»aip ■*■ zJq 

If thefe Values are multiplied by f , and divt« 
dcd by py we have 
dql-^ aqm'-^ x^af-^ %,dc gqi^^ aqn -f- ^^i -"^ aye; 

ahf-^^aei + Si -— 3^c+ f ^c "^gbf 
If in this Value of «. we write /> for 9, A for c,^ 
^ for /, and A for i, we Ihall hav6 the Value of > 
But if for q we put ; for c, <«•; for/, i ; acd 
for I, g X we difcover x. For if we attentively 
examine the Value of «^ we (hall eafily perceive 
that *tis only the Quantities y, c, f^ i that di- 
ftii^uilh the Value of * from the Values of jr. 
*> ^> ^'f & *> *^de, A, jr^ jcr fupplying their plar 
€QS in theft Values* 
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C H A P. X. 

Of the Nature and Solution of Equations 

of two ^ifhenfions. 

PRoblems of twaDimeisfiofiS have two Solu- 
tions .(157) and the unknown Quantity 
two Vattn^rthftrfOTT itt the -fingle Equation 
which coptaiiis the Solution of .the Problem, the 
unknowirQuaatity caanotoithcr Jbave^one of the 
Values than the othef,.and muft confequently 
contain thert both. ' -f- / -'..;/:: 

7 op. Now that we may determine ,the! Na- 
ture*of Equations in .which the fame Lejter de- 
figns two different Quantities, we muft inquire 
into the .Formation ot fuch aii Equatbn. .^ 

2IO, Which that it may be done, we muft con* 
iider that all the Qiianticies of an Equation may 
be tranfpos'd to one Part of the Sign of Eqtiality. 
This Equation xx 4- d= y x, by the Tr^nfpofi- 
tion of jx is changed into this xx — J^ + 5 == a. 
. 2 1 1. If in this cafe inftead of x w^ put its Va- 
lue, the -Quantities of the Equation will mutu- 
ally deftroy each other, becaufe they, are equal 
too. 

We muft therefore Ihew how an , Equation 
may be formed, all whofe Terms, if placed 
on the fame fide of the Sign of Equality, mutu* 
ally deftroy each other by the Subftitution of ei- 
ther of the two Quantities. 

212. Let x = tf, andx = i, that thefe two 
Values may be comprehended in one Equation, 
I put X— ^= o, and x— J = o 5 hence a new 
Equation is form'd by Multiplication, 
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x--i = 





X3C- 


— ^x + ^a 






— ^x + ^^ = 
-«x 


= 



Ifforxin this Equation I putcitlier^ ov h, 
the Terms will mutually deftroy each other. 

That this may be demonftrated, it muft be 
obfervM, that it is the iame thing whether I put 
for X its Value in the Produft after the Multi- 
plication is ended, or in the Quantities to be 
multiplied before Multiplication : It is alfo ma-^ 
nifeft that the Produft fbrm'd by the Multiplica- 
tion of the fame Quantity affirmative and nega- 
tive deftroys itfelf, as any Quantity multiplied by 
+ ^ — tf, or + ^ — ^ is deftroy'd, it being multi- 
plied by o» 

If in. both Quantities now x— a, and x — h^ 
we put (iQxb for x, and afterwards multiply, b — ci 
hyb-^by 01 a — i^ by a — a, in both cafes the 
Quantities of the Produft deftroy each other, and 
confequently they do the fame in the Equation. 

213. The Value of the unknown Quantity is 
called the Root of the Equation, and it is evident 
that an Equation of two Dimeniions has two 
Roots. 

214. And as a Negative Quantity may be de-» 
fign'd by a Letter, the Root is fomctimes nega-* 
lUe ; there are therefore four different Cafes. 

1. Both the Roots may be affirmative ; 2. on© 
affirmative and the other negative, the affirma- 
tive being greater than the negative ; 3. the 
B^ative greater than the affirmative ; 4, both, 
negative. 

That we may determine the Forms of the E- 
quations. iix thefe four cafes^ I fuppoiq a^ to b« 

F 4 gJfea^- 
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greater than ^, and a^h^^d^ and tf — /i = f , 
^hcn I have thefe foitf Formula's. 



X: 
X 

X- 

X- 

XX- 

1 


— hx 


XX 

X 
X 


— dx-\-db/=o 
=b 


X 
X 




XX 


•\- ax r— i^ = o, 
— bx 






... ..^ 



X — tf=0 

x-|-^ = o 



XX tfX — fl^ = 

XX — ex --^ab^^q 

x = — /I 
x= — * 



x-t-a 
x + b 



xx'\' ax-^ab^rcx 
+ bx 



XX +CX; rr^ab == O XX + </x 4- 11^ S5S o 

215. We fee hence how from the Signs alono 
pf any Equation we may determine whether both 
the Roots are affirmative or negative, or one^ 
:;iffirmative and the other negative ; and alfp 
how to diftinguifli the greater of thefe from the 
ieffer. 

ti6. It is $Ifo evident in every Equation of two. 
Plmenfions, in which the Square of the un- 
known Quantity is feparated firom all the known, 
and which has a Quantity entirely known oa 
one fide of the Sign of Equality, and which is 
alfo ordered according to tHe Dimenfions of tj^ 
unknown Quantity ; I fay it is evident, that m 
fuch an Equation the unknown Quantity in the 
fecond Term is multiplied by the Sum of the 
I<.oots, its Sign being changed, and that the lail 
Term is the froduft of the R,oots^ its Sign prfc- 
fervM. 

The known Quantity that multiplies the fe-. 
tond Term, is calld the CpjEifFiciBNT of the fe-. 
cond Term. Ot 
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Op the SoLynoN of Equations of two 

DlM£M$ION<i» 

The Rule for extrafling the Root of fUch a 
given Equation is this. 

2x7. %et the known Quantity be tut ahne on om 

fiie of the Siin ofEqualitu and add on hth fidu 

the Square of half the Co^cietn of the fecond Term^ 

imd then extroB the fquare Rootfvxm both Memhen^ 

The whole Arti^ce of this Rule is, that there 
is form M a Square in the Member where the uih 
known Quantity is, whofe Root may be exa^y 
(^^trafteoi 

Example^ 

xx-*^iix+ ab =a 

XX — ix =» — ab 

xx--dx+^dd^^dd-^ak 

lU-^V^dd-^ab 

It i sctear^ th at both thefe Roots are pofitiw» 

for '^iidd — ab is always lefs than i/i. 

It is alfo evident that the Roots of the Ec[ua<» 
tion are always impoffible when ab exceeds 4^; 
for then ^dd — ab is a negative C^antity, whic^ 
cannot have a fquaie Root (46.) 

Qp PHOBLEMS THAT PRODUCE EQUATIONS 

QF TWO Dimensions. 

We have remarked fbmething above relating 
fo thefe Problems (1^5.) 

219. It is beyond all doubt, that Problems 
which hay(^ two Solutions produce an £quati<Mi 
^f two IXrftcnfions (log, iii.} 
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120. Wealfo light on fuch an Equation when 
the Problem has indeed but one only Solution 
that we feek. But there is 'a certain negative 
Quantmr that we are not at all concerned with, 
^hich affb iatisfies the Conditions of the Pro- 
blem : for Algebra does not lead us more readi- 
ly to a pofitive than to a negative Solution ; and 
therefore we difcover bochr But in this cafe we 
fiegleft the negative Root. 

221. If the Problem has only two negative So- 
lutions, neither of which we feek, w'e come to 
an Equation of two Dimenfidns, notwithftanding 
there is no Quantity that ahfwers our purpofe. 

222. We may alfo come to a like Equation in 
a Problem altogether impoffible. We have al- 
ready fhown, that an impoflSble Quantity may 
be Algebraically expreffed (2 1 8). Iffuch Quan- 
tities Algebraically expreffed anfwer the Condi- 
tions of the Problem, we arrive at an Equation 
whofe Roots are impoffible. 

223. There is a particular Cafe worthy to be 
remark*d : this is, when a Problem has only one 
pofitive Solution ; but in folving it, we have an 
Equationthathas two pofitive Roots. 

This happens when the Problem, befides its 
. pofitive Solution, has alfo a negative one, but 
the Quantity that belongs to the negative Solu- 
tion is not itfelf negative. 

224. Ex^. This Problem has only a pofitive 

Solution : There is fought a continual Proportion^ 
whofe fir ft Term is 4, and the Difference of the fir ft 
andfecondj 3. . The pofitive Solution is -r?- 4, 6, 9 ; 
but there is . alfo given this other negative pne, 
•H-4,— 2, r, which we do not feek, but tq 
which n^vertheleft Algebra brings us. 

2^y. If we call the fecond Term j^, and the 
third XI it is clearj^ that when y is fougbt^^ thefe 

two 
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two Values are found, 6 and — 2, but the ne- 
gative is rejefted, . But if we feek 3<v we hzv9 
the Values 9 and i ; where the laft is to be re- 
jefted, becaufe it belongs to a Proportion in 
which there is a negative Term, which therefore 
W€ did not feek. 

^26. Ifthefirfl Term of the continual Proportion 
is 4, the Sum ofthefecond and third Term is 3, and 
the third Term is fought. We difcover the fame 
pofitive Quantities p and i, but here 9 is to be 
rejcfted, becaufe it belongs to a Proportion 
which has a negative Term ; for the Proportions 
arc -H-4, 2, 1, and -rf- 4, — 6, 9. 

2 27. In the Solution of both thefe Problems, 
if the third Term is called x, and is fought, we 
have this Equation ^x — iQx-|-p = o* fothat 
one Problem cannot be refolv^d without refolving 
the other at the fame time : yet both Solutions, 
to fpeak mathematically, belong to both Pro* 
blems, at leaft to the Problems algebraically ex-* 
preffed. 

2t8. In the Solution of this Equation xx— ' 
lox + 9 =5= o> we may diftinguifli the Root to be 
retained from that to be rejeaed, if we confider 
the Operation? by which we arrived at the E- 
quation. To folye this Equation, ic muft be 
changed into the following, 

xx— 10X+ 25 = i6 (tzy) 
And the fquare Roots extradcd, we havi 

x — 5=4 

J— x=4 

22p. The firft of thefe Equations is to be re- 
tained, if in t|ie preceding Operations the Square 
was form'd of x as an affirmative Quantity, as 
is done when the Problem of n. 224. is folvU 



^30, 
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330. But the fecond is to he retained, if, as 
in tbe Solution of Problem n. 224. the Square 
w^s form'd of the (Quantity from which x was 
ifubtra£ted : for in this laft Cafe xx in the Equa- 
tion is not the Square of + *, but of the Root 
•—X ; and the Root + x belongs to a Cafe about 
which we are not follicitous, although confider- 
ing the thing abftraAly, it belongs to the; Solu-^ 
tion of the Problem. 

331. But when the Operations do not deter- 
inine whether the Square of the unknown Quan-^ 
tity has aii afErmative or negative Root, both 
the Roots of the Equation ottvro Dimenfions 
give the Solution of the Problem, which has theft 
two pofitive Solutions. 

232. 1 have faid above (i66) that fbmetimeSK 
a Problem of four S^menfions may be reduced 
to two, bccaufe it is refolvM as a Problem of 

twoi 

2 J 5. This Cafe always happens if the fame 
two Quantities affirmative and negative anfweir 
the Problem. Ex.gr. i£ + a, -^a, -f-*, — ^t 
latisfy the Conditions proposed, the Problem has 
four Solutions. The Equation it is folv'd by, 
arifes to four Dimenfions, but is folv'd by the 
Rules delivered for Equations of two Dimen- 
fions, by fceking not the Value of the unknown 
Quantity itfelf, but of its Square, 

For it is maniieft in this Example, that if the 
Quantity fought is called x, x = + ^, and x =:. 
T- a, is expreffed by this Equation xx 5= aa ; 
and in the lame manner x =^ and x = ^ ^ by 
XX = bb. 

Tbefe Equations being multiplied, 

XX — i/i=^.o 
• XX — ^^ = o 

The Equation x^ — aaxx-j^^M^a will contaift 
four VaUics. '---^xx, 9^ 
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ofx (21a), which (the Equation being given) 
Me difcover*d by the Rules deliver'd above (217) 
by feeking in the firft place the two Values c£ 
the Square xx^ and then extracting the Roots 

of them. 

234. But we (bmetimes light on fuch an Equa- 
tion^ although the Problem has but one affirma* 
tive and an equal negative Solution. Then the 
Square of the unknown Quantity has indeed 
two Vdues h but one of them is negative^ and 
toberejea:ed(2i8.) 

Algebra neceffarily gives all the Algebraic So-^ 
iutions ; but as inipoffible Quantities may be al- 
gebraically exprefled, if thefe anfwer the Condi- 
tions of the Problem, fuch Solutions will be ne- 
ceffarily contained in the Equation exprefling the 
Values of the unknown Quantity. 

235. There is alfo a Cafe analogous to that 
above mentioned in ». 223. for in a Problem that 
has only one affirmative, and an equal negative 
Solution, the unknown Quantity has fometimcs 
four true Values, but two of thefe belong to im- 
poifible Cafes, although the Values themfelves 
are not impoffible. 

Example. 

^3<5. Let there be fought x, jr, fc, fuppofing 
thefe following Proportions : 

^ jc— J', 20, x.-\-y 

•«■ 34-~*r> x. — it, 34+4J' 

This Problem has only one affirmative Sta- 
tion, that is, x=9, /*=»5. «• — *$; which 
Numbers, it negative, give alfo the above- 
mentioB^d Proportions ; that is, x = — p, ^ « 
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— iy, jt = -^ 2 J, ^nd the Problem has no other 
&IutioQ. But if I feek z.^ I have this Equation 

x."^— dSpzx + 40000 = o 
Which gives thefe four Values of x^^ 

K, = -*- ay 

2, = — 8 

The two laft Values belong to impoflible So* 
Ittdoos^ in which 

Or X&42, ;' — — '/— 336, 2. = —? 

2:17. But this Value of a:» = 25 is to be diftin- 
guiihed from thofe that muft be rejefted by the 
following Method. 

In the Solution of the Equation (217) 

fc"*— 68$zx. + 40000 =0 
I difcover 

^7-34477^,804- 

3344-— 2.2.3 

I here chufe the Value in the firft Equation, 
rejcfting the other, according to the Rule laid 
down above, (229, 230) becaufe in the Opera- 
^ons bv which I came at a (ingle Equation, 
I formd a Square of xx — 20, arid z,^ was 
produced by multiplying -f" zjs^ by it felf, not 
— z.2m I have now 2.2* = 625, whence I find 
z, = 2y, and 2.= — 25; which laft I rejeft, 
becaufe it is negative. 

238. Oftimes Problems that have but one or 
two Solutions, cannot be refolv'd but by Equa- 
tions of three or four Dimenfions, and ibme* 
times of more. But in thefe Cafes, ftridkly 
fpeaking, the Problems have as many Solutions 
as the Number of Dimenfions, tho' fome of 
them are rejedled. CHAP. 
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problems of Two Ditpenfions. 

I Will hem only add a few Problems. If thofe 
things explained in the precedent Chapcer.jare 
added to what has been delivered before about 
Problenis in general, the Solution of Problems of 
two Dimenfions will not be difficult. 

Problem XVL 

■239. A andVi tegether owe 208 ; A pays each 
^5^, and B pays the fir fi day i, the fecond day 2, 
thsi third 3 , &c. Qu. How mavy days wiU the whole 
Debt be paid in, and how much does each pay f 

Let A*s Debt be x, Ksy^ and the Number of 
Daysz*. 

x-\" y=i 208 ^ 

y is equivalent to the Sum of kn Arithmetic Pro- 
greffion, whofe fir ft Term is i, laft x, and Num- 
ber of Terms z» ; which Sum is equal to i + «. 
X 7 z» (12 (J), therefore r^-h f «» => 

Which three Equations, by adding the two 
laft together, and then comparing it with the 
firft^ are reduced to this : 

x + y — T«' + 9\z, = 208 

itz, + ipz* = 415 

2X + JtpZ' + Pci -f + 505 -J 

y = 9i Pko^ 



• « 
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pROBtEfcf xvir. 

t46. A Perfott buys a Harfe^ vilikh hi feOs dgdiA 
fir a, (Md gains as much per Cent, as the Horfe 
cofi him. Qu. H^at did the Hwfe cofi him f 

Let the Price of the Horfe be *. 

looj 100 *\- 06 :i x; a / -n 

PkoBLEM XVIIL 

'441. There are two Numbers fmight^ wbofe Pro^ 
dt0 is 12, and the Difference rf their Squares 7. 
Let the Numbers be x and y. 

9C XX 

XX — yy = 7, XX — --^ 3= 7 

XX 

x^-^i44 = 7xx 

This Equation is folv^d as an Equation of tWq 
iMmcnfions (217X if we fcek the Value of the 
Square of xx. 

x^ — 7xx = i44 

X^ — 7XX 4- I2:J^ as 15^^ 

-it" 

t negleft the ffecond Valutf xx == ~ p, b(f- 
caufe it is impollible (218). 

I neceffarily difcover the Value of the Square 
XX in the Solution, becaufe not only x ==4, y=3, 
but alfo X :s= •*— 4, J' == — 3 , folve the Problem. 

I alfo difcover two other Values of the Square 
XX, becaufe the Problem has befides two im« 
po^ble Solutions, which may be algebraically 

* ex- 



XX 
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exprelTed : Thefe are x = >/ — 9yy'=^^^V — 16^ 
and x = — / — p, ;? = — .4^ — 15. 

Problem XIX. 
242. There is a. Number fought^ t9 which if there 
is added the fquare Root of itfelfmulti^ied by 10, the 
Sum fhaU be 20. 

Let the Number be x. 

x + \/iox = 20 
^10x^20 X 

lOX = 400 — ' 4OX-4- XX 

XX- — jox= — 400 
XX — yox+tf25=225 
X — 2s7 

XX = 40 

X=IO 

It is evident, that it is not the firft Value that 
is fought, becaufe it exceeds 20. 1 therefore take 
the fecond. 

But to (peak mathematically, 40 anfwers the 
Queftionj for this multiplied by 10, produces 
400, the fqdare Root of which— 20, added 
to 40, the Sum 40 — * 20, is equal to 20« 

Itmuft be obferv'd, that 2 J — x = i5, not 
X — 25 = J5, gives the Root that we feek, be- 
caufe the -Square was form'd of 20— x, (^S^*)* 

Observation V. 

'24 J. We have remarked above (198) that 
much labour may fometimes be avoided in a So« 
lildon, by feeking not the Quantities themfelves 
that we want, but others from whence they may 
be found ; and have explained the Rule which 
in many fuch Cafes we may make ufe of (ipp). 
To this we may now add, that the Operations 
themfelves fometimes point out the Quantities 

G that 
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that may mbrfc feaffly be difcoverM than thofe 
propofed, aitd from Wlieiice thdfe fought may be 
deduced : which will be more apparent from an 
Example. . 

Problem XX. 

244. Given the Sum, and the Sam of the Squares 
of four Numbers in Geometric Progrejjton^ to find 
thofe Numbers. 

Let the Sum of the Numbers be a^ and the 
Sum of their Squares b. 

Let the Kunvbersbe called -H- u, x, j', z^ 

The Equations art 

XX 

XX =uy u = — 

. W =S= SMC Z. = — 

The four Equations are reduced to thefe two, 

y * . 

^ ^xx'\'yy+-;=b 

yy ^ 

And the Fraftions being ta'kfeh away, we 
have 

x^-^x*y -^'.yyx -^y^ "^^s^aky 
x*^+ x'^y^'^y'^x^-^y^^s^bx^ 

hi which X tnd y are aflie&ed in the fame man- 
ner ; wherefore I rather feek the Sum and Dif- 
ference of thefe (^udutitiei : bilt as I perceife 
by beginning the 'Computation, that it will be 
very operofe ; before I proceed any farther, I re- 
turn to the Equations in which xandjrare af- 
.^fefted in the fame manner, and confider if it is 

poffiWe 
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poflSble to know from them what Quantities may 
be more eafily difcqverM ; which will, whcJ 
known, give X and J'. 

Th^ A>rcmcntioaqd Equations may be Uius ex* 

xy-f-jy xx+jrag^xy 
x^ + j^*xx'+;f»=a^x*jf» 

Wl^Jch axe ^tai^ed into thefe ; 

x+jf 

xx+jy 
The laft, by fubftiCttting for *x 4- jy^ its Va* 
luQ is changed into this ; y__ 

That I may have a fimpler Equation, 1 form 
the Squares of eadi Member of the firft j 

x-f-jf 
Then I have _ _ ._ 

X-f-Jf ^ 

Which Equation I fee woukl be mote (rnif^^ 
if I put one unknot' fQuantity fpt xjf, aijd ano* 
ther for X + J' ; tha(j is, if, I fj^ejt the Sum and 
Produft of the unknown Quinoties V which be-^ 
ing given, the unkno^i^h Quamsties thpmfeives 
lire eafily found (loo.) 

I, my£k now fee if I can find another Equation 
^^tnch al^ becomes more fimple by the fame 
Sttbftitution ; for two Equations are required ca 
determine the two unknown Quantities* 

Q t Thew • 
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. There is given this Equation, 
XX + J7 — ~r" 

X + Jf 

iX> id^ed on both (ides, changes it to thi^^ 

X+> =--jf-; + 2XJ^. 

Let us now put x> = x, and x + J' = ^ and 
Subftitution being made, there are given thefc 
two Equations. 

as ; 

t 
aass tjt 

Which are changec^ into thefe, ^ 

a^S'^iaitM 
./ ra\s — %aus^bt\t^=^ ^; 

aU — :iatt$ 
Whence^ + »^ = ^ 

Which Equation being folv'd, gives ;,.and 

tfasQce s^ i for ^ ^TXII* , .... 

X and > are alfo difcover'd, r ; ,, 



y *= »^rhVi« !!!r i. 
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C H A P. XIL 
Qf Indetermined Troblems. 

W^E have already remark'd that indetemun'd 
Problems may be folv'd like determined 
ones (16?.) , 

But there are feme indetermin'd Problems in 
which notwithftanding there are Nmore unknown 
Quantities than Equations^ yet none of them can 
be afTum'd at Plealure. 

Such are all Problems in which Quantities are 
to be equal to Squares orCubes. 

In thefe^ other Quantities are to be aflfumM at 
Pleafure, and from thofe the indetermin'd ones of 
the Problem are to be determined. 

When a Quantity whbfe Conditions, arc deter- 
mined, ought to be equal to a Square or Cube, the 
whole Artifice is that the Quantity which is to be 
equal to a Square may be algebraically exprefled, 
and put equal to a Square in fuch a manner that 
the Equation with Rcfpeft to the unknown Quan- 
tity may be reduced to one Dimenlion; 

As long as we are only concern'd with Pro- 
blems ofoneand twoDimenfions, the following 
Rules are fufficient in thofe Cafes, where the 
Problems may be univerfally folv*d : When we 
eannot:Qome at dsi3 Solution by thefe Rules, the 
Problem is only poffible in fome particular CajGb 
depending on the Property of the Numbers ex- 
preded in the Problem. QjF thefe I (hall not 
treat, becaufe I do not confider the fingular Pro- 
perties of particular Numbers. 

Gj Rule 
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R U L E L 

145. When the Quantity te he determm'4 is •/ 
one Dimenfion, the Root of the Square may be affumU 
dtPUafure. '^ 

EXAMPL ES. 

ax opgI>t to be eqfual to a Scjuare, arid x is the 
Qiiantity to be determined, taking v any Num- 
ber at Pleafurc and putting ^x =; w, x ihw 
be determined. 

In the fame manner x liiay be determined ia 
tbefc Equations. 

b^ ax = *uv 

b'\-cx'^ax=c'vnjf 

RtJLE IL 

245. When the Quantity to be dutermind has tw^ 
Dimenfions, bat the Square is d^htative and only 
^ fhukiflied by Unity, the Root of the Square is the Dif- 
ference betwixt the Number taken at Pleafure^ and 
the Quantity to be determined. 

Exam pies. 
Let 42 -f XX be a Quantity which ought to be 
equal to a Square, and x the Quantity ^o be de- 
termin d, v a Number taken at Pleafure, the Root 
of the Square is «f— x. We have hence this 
Equatioiu 

a+xx == 2/1;— zvx -f xx 

In which x x^^y be determined. 

In the fam* mamier x may he cJetenoine<i, if 



'J 



' ^-^tx -^^ ix === *tAi;— »"2 j^v + ^X 

'^'— bx =5* i/V ^ ix'v: 



Rxri 



fi- 
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RptB III. 

a47. When the Square if the Qpmity tP ^e ie- 
termiu^d isfubfiroEled inthfi.QuamtyprOipos^iy^rvJheu 
it is multipUed by amhr Qtf amity, the PfMet» caiir 
mt be folv'd wti(uer/((f{fy. But only in thofi c^x, 
vjien the Quantity tjb^ ^htto be eqiUfitathe Square^ 
confifis of (I Square and other Quantities ^ in which 
the Quantity to be determind is found ; then the Root 
of the Square Jsatgbty is. the Difference of the ProduSi 
^ the Quantity to be determined J^ a NunAa taken 
at Pfeajure^ and of the Root of the Square that is 
given in the Quantity fropoS^^. ' 

ExAJtfPLES. 

aa'^^xx ought to be equal to z Square, x is 
the Qiiantity to be determined ,• v is taken at 
picafure, ^nd the -Root of the Square fought 
is 1/x — «. 

^I^ — XX = WXX — 2V V^ + /Itf 

•^x = wx— f 2va. 

In which Equation x may be deteismin'd. 
In the fame manner in this Equation 
iitf + ^x+^xx=wxx — lavx-^ aa 
l/-|-^x = ^^x — lav. 

248. It is to be obferv'd, that may be ac- 
counted a Square j the Ride therefore may be 
applied to this Qu^n^ity dxr^rexx, and the Root 
ot the Square fought 4[]^ t^e vy. 

249. It is to be further obferv'd, that thofe 
Quantities may be referred to this Rule, where? 
the Square of the Quantity to be determined is 
fubfkrafl^ed from various oquares joined toge-' 
Iher. ; jf|s j[j» this Quantity ^^-f-A^—xx, where 
^ is the Quantity to be determined. 

G 4 P«t 
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Put X =«,—*, therefore xx=2:x— azi+W, 
and the Quantity propofed is changed into this^ 
aa + 22:^ — x«» ; which belongs to thc^ third 
Rule : and the Value of Zr being difcoyerM, if b 
is fubftrafted from it, we fliall have ^. ' 

250. The above-mentioned Rule may alfo be 
applied to Quantities that contain }Fraftioijs. 

Let there be fuch a Quantity aa H \ — — 

let this be reduced t6' ^ ^^~^ {7^-61) 

CC \f iy 

which may be made equal to a Square, if the 
fame Numerator is a Square. 

ay I. When various Quantities ought to be 
equal to a Square, let one be taken firft, and 
made equal to a Square $ and then making ufe 
of the Value of this Quantity fo determin'd> let 
it be exterminated out of the other Quantities : 
And here thofe Rules will be of ufe, that have 
been already laid down, relating to other Pro- 
blems> as will be manifeft in the Solutions of the 
following Chapter. 






5 
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C HAP. XIII. 
Indetermirid Trobkms. 

252.^ I ^0 find two Squares whqfe Difference is 
X giyen. 

Let the given Difference be a, and the Squares 
fought XX and yy. 

^ + jy = XX 

That IS, a-^yy ought to be equal to a Square ; 
taking V at pleafure, we have, by Rule a. (246.) 

^-^jv^jy — 2vy4-w 

2vy =i i/v — a 
w^ a 

2V 

vv-A^ a 
x = 

> • 

Problem XXIL 

353. To divide a given Square into two of her 
Squares. 

Let the given Square be aa, the Squares 
fought XX, yy. 

aa = xx+yy 
aa—^yy^=^xx 

Therefore /lii— jy is to be equ^ to a Square : 
Now taking v at pleafure, we nave, by Rule 3. 
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aa—yy — wyy — lavy -f aa 
— jr = wy — lav 



XS5= 



aw — a 



Problem XXIW. 
2 J 4. To divide the Sum of tviO given Squares imp 
two other Squares. 

Let the given Squares be aa, W, and the 
Squares fought xx, yj. 

aa'\'bh^='Xx^yy 
aa-^ H*^yy=s XX 

Therefore aa -f- M — yy ought to be equal to a 
Square ; which Cafe, that it may ht referred to 
Rule 3 . we hare demonftrited (^49.) I fup- 
pofe 

y = z, — If 

yy szzz,^ 2Zh -t^ hh 

Therefore, 

By Rule (247.) if v is taken at pleafure, 
iw 4- :a»^ -*• JB«» =« ^rt^^g:^ 

>^2t'^sav \ 

— -J ±=z 

vv-f- 1 

Xz=zf 



*i;V>+':t.. 



Pito- 
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Problem XXI V. 

25 J. To find a Number that being fubfiraSied 
from two given Numbers, the Remainder ofeachJbaB 
be a Square. 

Let the given Numbers be a, b^ the Number 
fought ^, and the Squares remaining yy, wu 

4—^ zszyy xzska — yy 

b — a +jy =X'2^ 

Therefore b-^a^yy ought to be equal to % 
Square ; and any Number v being taken at 
pleafure, by Rule 2. (145.) 

b — O'^yy = w; — i^^y^yy 

h — a'=iW"-^2vy 

, .(i — b 

> = I'v + 



in) 

a 



X = T tf + 4-A — ^w mr. 

Problem XXV,. 

2 jtf. 'fofind tvi$^ Numbers , either of which being 
added-to the Square of the other ^ the SttmjhaB be a 
Square, 

Let the Numbers fought be s^mdy, and the 
Squares mentioned uu and &&« 

xx-\-y^=^uu 

In the firft Equation xx+ J' niuft be made 
equal to a Square, and then the Value of the 
Quantity x muft be fubftituted m the {ocm6r 
Equation for x. 

If > is takfch at ^leafbre. 
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_ tt-r-y 

4^0y + at' -^ 20' = 4^^^ (ft JO.) 
Let there be taken s at pleafure, and by Rule 
3- (247.) 

4^;7 + 3^'— lO' =5= 4t/j7 — 4t/y + ss 

2t^-^2ty=z^sy'\-ss 

ss 2t^ 

^tS^!^ 2t 

At^S-r^SS 
X zzr ■ 

8tts — ^t 

Problem XXVI. 

257. To find t free Numbers fuch^ that their Sum 
P^aU he a Square, and alfo any two of them added 
together^ fhaU mAe a Square. 

Let the Numbers fought bex,>,«., and the 
Squares mentioned iji th« Problem rr^ss, tt^ w. 

x + jf^rr jf=xrr — X (245.) 
y + ^^tt 

^ + «' = ^^ X=riSS-^Z, (245.) 

Tr^^x+a 3= tt . 



rr — «+a«i = « . , 
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Ichufe the fccond of thefc Equations, becaufe 
his more Cmple, and the firfk ischangd into 
this : 

Now a-z* — rr — xi ought to be equal to a 
Square, which may be referred to the fecond 
Rvde, if by what is explained at n. 249. we take 
away w by putting 

^w.—rr — ss'—vv — qq+ifu^is —tt. 

Now as V is an indctermin'd Number, taMng 
a at pleafure, I feek v j which Opemion be- 
ly to Rules. (»4tf.) Affuming therefore p, 
Iput*=p — v. 

w — jj + ajv— « =>f — i^' + w 

P. ?. X bring determin'd at pleafure. there Js 
oi/en V and thence r ; for r^^q-j: there- 
forex.^ =^ ate difcofer'd J for we have 

x = iw — rr 

, . I . * 

or ■ - 



x^ss-^rr'-va 



•' .i: ^ -s: «y«y -?- i/ 

mtk Pt<yfcmtn. . r ^^ Difference of 

L«t XX be the firik Square, J^ ^IJre&m • 
the neighbouring Terms m the Progreflion . 



• .J - 
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9iT^ the three Squares ; tl^at is, the two laft arc 
to be equal to Squares : Let thefe be «//, zx. 

xx-]r J ^=^uu tfu — XX, = J' 

xx-+-^y = z,a:, 

2WS -^ XX = «^ 

Thi» Ecmttkn may be «ferrcd to die tfairrf 
Rule C249) if we put 

X = ^ — ' u , - . 

In fetfcing t firom thts £i|iia£ioQ, we i^gy ftp-* 
pty the t4iird fiule ; btit bedmfe » is al& inde- 
termini, I refcrtiie QujUJiity .tp Rulft 2. :(?4<f.) 
and put 

»/l « -f" 2f««T== «^^ — 2SU + «« 

/X -f- tt . . 



« = 



If floW /'an4 t4irc tallcen at p^afure^ ^ will be 
given ; and tlirrfpr'e>, for ^ = f — ^ «;, which 
being given, the Roots ot the three Squares arc 
known, that is x, u, s — u^ or" 

2St-\- tt — ss ss-^ tt ^ 2si A- ss — tt 

W ' m I > I M M l» III l» 

2J + 2^ ' 2J + 2^ * . 2J + 2^ 

The common Denominator may in this cafe 
be neglefted. * : 

In this Solution I have demoflflmted that this 
Problem may^erT&QAv'd without any particular 
Artifice by the Rules Iaid;db'tv*i tefore ; but the 
Operation may ^'be diminifliedi lafl^ming^ t^fe 
f^g^ntitif s 4x^hich are in Anthmettc J^i;i^I^%q» 

ir/.+ w-^ 2tu '^ \ • 

tt -\^ UU -\- 2tU 

The firft and laft are Square^, of which the 
Roots are ^ — « and r + « j thqpe is only the 

middle ^ 
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tniddle Quantity then to be made equal to a 
Square, which belongs to Rule 2. (24^) There- 
fore 

n 4- «»= ^J — 2W + »» 
$s — n 



2J 



Taking s and f at pleafure, u is given, and the 
three Roots are known, t — 1/, s — «, t'\-v. 

2st 4- ft — ss $S'{- n isi + yj — tt 

2S ^ 2S * 2S 
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0/ Geometric Problems ^ and their • 

Confiru£iion. 

259.TN the Solution of Geometric Problems, 
X ^he Figure is firft to be drawn, in which 
the Problem is fuppofed to be folv*d. In this 
Scheme, Lines are to be drawn^ by which there 
may be formed as much as poffible either fimilar 
Triangles or Reftangles, ox other PigUeres whofc 
Properties we know. 

2(5o. Lines muft be defign'd by Letters, and 
thfe known diftinguiflied from the unknown (13.) 
Their Relations are to be . exprefled .^rem the 
icnbwn Properties 6f Figures, and fi-omthefe. 
Equations. are to. be form'd afterwards. : and 
then the Operations are the feme as in other 
Prrf>lems. 

261, The Solutions of Qe^metrlc . Problems 
^are' irther Arithmetical ot Geometrical. 

'T(J^2. The Solutions are Arithmetic when the 
Relation of known Lines lare exprefled by Num- 
- bers. 
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; bers, and the Solution gives the Value of the 
unknown, alfo exprefledby Numbers; the G)m- 
pucation in this cafe does not differ from what 
we have feen above. 

263. But in Geometric Solutions, the known 
Lines are only given, as drawn in a Plane, and 
the unknown are to be drawn and determinM in 
the fame Plain ; and this Determination is called 
the Conftruftion of a Problem. 

264. Lines, like other Quantities, are aflir- 
mative and negative. 

Let AB be a Line whofe beginning is A, that 
is, which muft be increased or diminiflied/in the 
Tab. I. Extremity B. Let BC greater than AB be fub- 
fig. 2.. tra6ted, AC will be the Excefs \ but in fub- 
tradting a greater Quantity from a leffer, the 
Y.1^^ is wgative; therefore AC is a negative 
Line : and in the indefinite Line DE, the Point 
A feparates the affirmative Lines that fall to- 
wards D, from the negative ones that are taken 
■ towards E- 

2(f J. By a like Method we demonftrate that a 
Line may be taken for the Original or Limit, 
and all that are drawn to one part of it will be 
affirmative, and. the others negative. 
Tab. I. ' If AB is this original Line which divides the 
*g- 3- . affirmative Superficies towards D from the ne- 
gative one towards E ; the Parts CG, CI, CL, 
NO, QR, of the Lines FCG, HCI, KCL, 
MNO, PQR are affirmative ; but CF,CH,CK, 
MM, QP, are negative. 

2^6. The Conftruftion of a Problem is the 
Conftruftion of the finglc Equation that folvjes 
the Problem. 

But that thefe Equations may be conftruftcd, 
feme of the Ampler Problems in Euclid^s Elements 
arb to be madeufejof, fuch as thefe. 
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In the First Book. 

2^7. Prop. 9* To cut a given ReElilinear AngU 
into two equal PartSm 

258. Prop. II. To draw a Perpendicular to a 
given Line from a given Point in it. 

2 dp. Prop. 12. To do the fame ^ if the given 
Point is out of the Line, 

270. Prop. 23. To make a reElilineal Angle equal 
to a given reciilineal Angle. 

271. Prop. 31- To draw a Parallel to a given 
Line through a Point given. 

.272* Prop. 45. To make a Square upon a givfn 
Side. 

In the Third Book. 

273. Prop. I. To find the Center of a given Circle. 

274. Prop. 17. From a given Point to draw a 
Tangent to a given Circle. 

, In the Sixth Book. 

275. Prop. 10. To cut a given Line in the fanu 
Proportion that another is cut in. 

275. By this Propojition a Line may be divided 
into any Number of equal Parts, by taking the 
fame Number of equal Parts at pleafure on ano^ 
ther Line. 

277. Prop. II. Given two Lines^ to find a third 
proportional. 

278. Prop. 12. GiventhreeLines^to find a fourth 
proportional. 

27p. Prop. 13- Two Lines being given^ to find u 
mean proportional. 

To thefe Problems the following ones are to 
be added. 

280. Probl. To find the Side of a Square that 
Jhatt be equal to two'given Squares. 

H The 
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The Sides of the two Souares given are to be 
join'd at right Angles (268), that there may be 
form'd a right-angled Triangle, whofe Hypo- 
thenufe is the Side fought. See Prof. 47. Ub.i. £/. 

Tab. I. The Sqiiare of tke Line AB is equal to die 

*g- 4* Sum of the Squares AC and BC. 

281. Probl. Tofitd.the Side 0/ a Sipian ^at 
fi>aB be equal to the Difference eftwo given SquOrn^ 

Tab. I. Let the given Sfdes be AB and DE, the^ide 
"& 5* of the greater Square is to be cot m half in C 
(276) that a Semicircle may be defcribed upon 
ic as a Diameter. From B there is to be ap* 
plied in the Semicircle the Chord BF equal to 
DE, then will FA be the Line fought. Set 
Prop. 31. lib. 3. ftnd atfo Prop. 47. lib. i. EJem. 

By the help of the Problems above-aiention'd 
we may very eafily conftruft Equations of one 
Dimenfion, and alfo of two, after they axe folv'4^ 

But as the St)Iution of Equ^ions of two Di- 
meiifions is ndt nec^&ry co their Conftrudlion, I 
will here fhow how each Form is cortftrudled. 

282. Let there be given this Equation ; 

xx + ^»f "^-"Wsteo; 

or . ^ 

XX — /ix ^— W = o. 

Tab. L Let AB = t J let there be erefted in A a Per- 
fig'^. pcndtcular-AC==T^, with the Center C and 
Radius CA defcribe a Circle : then if CB is 
drawn, BE^fid BD will be the Roots fought, 
one of which is negative f^j). In the firft 
Cafe the Negative is BE, in the fecond ED. 

Demo nstration* 

We fay in the firft Cafe BE =: ■— x, therefore 
fiC=*— !X — t'** whofc Square is equal to the 

Squares 



Squares of CA and AB ; that is, '^aa + bb : there- 

In the fame Cafe we fay BD = x, ^ therefore 
CB = X + j:a j and again xx + ^ax + 4^^ = t^^ 
-f-W, that is, yy-Jr^x— M = o. , 

If we put BI) — — X, and Efi =i:i x, we (haU 
by a like Rcafoninc in each Cafe arrive at this 
Form XX — ox -^iy=: idr- 
. ^3s, Le^t ^here he W giveij 
XX 4- ^w + ^^ = o 
- or^ \ # "' ^ 

Let -AB «=« *, and A€ perpendicular and ^ v^, J^"- !• 
with the Center C ancl Radius CA^atfiaibeifig- 7* 
Circle i If BE is ei»^4 |ierpen4i§ftla|' ito BA, 
cutting the Circle in ©^ JE, then will BD and 
BE be the Roots faw^t, ^yhich in the firft of 
thefe F^tos are both iiijgiitive, and in the fe- 
cond both affirmative^ ii tj). 

Demonstratioji; 

Draw Ddy Ee parallel to BA, then A^ and BE 
are^qual, as aUb ^ juid BD; and ^e^ f^, <F, 
/Biud^J/dX>, ^F are pjogortjion^l : th^t ij, /(^ 
the firft form 4r-— x, ^, 4 + x j ^and lor the fe- 
cond -ff-x, by a — /c. ^hence the yery Eqiia^ 
tions of thofe Forms are jprqducedT * 
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CHAP. XV. 

' > « 

Gei>metrical Problems. 

Problem XXVIIL 

Tab. !• 284.' I ^ infcribe a Square in a given Triangk. • 

*«• 8.' JL 

Let the given Trianglp be ACB, and the 
Square to be defcribcd EFHG ; and from the 
Vertex C to AB lef there be <irawn the Perpen- 
dicular CD. 

Let now . AD=:a 

AB = * 

^ ' AF^y 

FE==x 

In the fimilar Triangles AFE, ADC, AF (y\ 
FE (x), : : AD (a), DC (d). 

ax = yd 

In the fimilar Triangles BHG, BDC, BH = 
BA— AF— FE (t--x—y) HG==FE(x) 
:: BBXh—a),I>C(d). 

' bx-^ax^^db — Jy — dx. 
Putting for dy its Value ax^ we have 

^x + ^x = ^^ 

b + d,bixd,x (i?5). * 

X beingknown, if in the Perpendicular DC 
you take DI equal to it, and through the Point I, 
draw a Parallel to the Bafe ,• this Parallel will 
determine the Points E and G. 

Pro- 
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• Problem XXIX. J^^}' 

285. Let AB he the Diameter of a Semictrcte 
v)hofe Center is C ; and let D, E be tvjo Points equi'^ 
dijiant from C : 'The Point is fought in the Circum^ 
ference^ from which if the Lines FD and FE are 
drawn, the Radius may be a Mean Proportional be- 
twixt the Sum and Difference of thofe Lines. 

Let FG be drawn perpendicular to the tta-^ 
meter, and let DC = CE = ^ 

FC = * 

FD = » 

FE=»^ 

CG=z. 

The Condition of the Problem is this : 

-^x+y, b, x—> 

Therefore, 

j^. bb:=:'<x'^yy 
in the Triangle FDC, by lib. 11. Prop. 1 1. EL 

2^. XX = /ifl 4" bb -{- laz,. 

in the Triangle FCE, by Ub.ll. Prop. 12. EL ] 
3®. yy = aa^ bb '^ laz. 

This third Equation being fubtrafted from 
the fecond, gives 

XX— 'jy 5^ 4/12,. 

Whence in the firft Equation we find 

bb == j^a2. 

Now » being known (277) the Point G is 
given r whence a Perpendicular to AB being 
drawn, the Point F is determined. 

Observation VI. 

28(J. In this Problem we feekz., not xory; 
becaufe, 2, has but one Value, but x or jj more, 
as X for inftance. This is the greater of the 

H s two 
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two LineSy anE tfid' there cao but dne fuch Line 
be Ax^^n from the Point D to the Semicircle 
AFB, y.fct there ifiay ^be another equat to it 
drawii in the opppfite 3cniici5de ; for the Lines 
lyj E/larisfj' the Problem. But thefe Lines ar« 
o^tivt (\60y therefore x has two equal Va- 
lues DF, tjf\ 6pt of which is, affirmative, and 
the otb^/ lie^ti\$ : and t|;ierefore x cannot be 
found but in an Equation that contains th« Va- 
lue of the Square xx. This Equation may be 
difcover'd by adding the three Equations. 
xx-^yy^sz^i 

yyis^aa^ bb — ±at 

X5tf = ^a + 4W 

287. K may be univerfiilly, that when there is 
a Line that has thb fame relation with refpeft to 
two other Linei^ that folve the Problem ; as Jiere 
DG, to Dl^ and Df; then this Line is to be 
ibught. if. the determining it gives the Solution 
of the rrobiem. 

Problem XXX* 
Tab. IL 288. 7%e fame things being given to difiwer the 
%' ^\ Point Ffuch, that the Radius may ie a Msan Pro^ 
jportional betwixt the Lines FD, FE. 

The Linfes being defign'd with the fame Let- 
ters as m the precedent Problem, we h^ve thefe 
Equations. • 

ocy s=z bb 

XX =^ aa -^ bb -^ iaz* 

yy:=:aa'-{- bb — laz. 

In thefe Equations there is nothing that con- 
fines x to exprefs the greater Line rathei ;. >n 
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the Ictfer j it muft therefore exprefs both : for in 
the two laft Equations y will be the greater, if 
t* is negative ; confequently, x ary will have two 
affirmative Values. But they have alfo in the 
oppoiite Semicircle two correfponding negative 
Values, therefore the Squares xx and yy will 
have two Values. If we feek x then, we (hall 
necefTarily have an Equation of four X)imen- 
fions ; which, if we feek the Value of the Square 
xx^ is lefolv'd as an Equation of two Dimen^ 
fions, faecaufe of the two Values of this Square. 
But if z. is determine, the I^ablem is alfo 
folv*d J becaufe G being given, F is determiiiM : 
But & has only two Values, one affirmative CG, 
and the other negative Cg ; I fdek therefore z*, 
becaufe I fhall have ap Equation that will give 
the Value of the Square scz.. 

The firft Equation gives 

*^ 

yy 

The fecond is chang'd into this, 

yy 

And makiBK ufe of the third Equation, 

Which laft Equation, when reduced, (171, & 
feq.) is changed into this ; 

Let the Square t.W,jw^fe Root is v^^ be dou- 
bled (z&o) ; then we have the Root of the 
Square t W : and feeking a Square equal to two 
Squares (280) die Problem is cqnftxuded. 

H 4 Pro- 
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Problem XXXI. 
Tab. 11. jgp. Given a Square ABCD, to draw a right 
"fr ^' Line from the Angle A, fo that the part FE in- 
tercepted betwixt the Side CD and the Side BC 
continued, may be equal to a given Line. 

By oonfidering this Problem, without any re- 
gard to the Reftriftions that cannot be.confi- 
der'd in the Solution, it will be evident that the 
Problem may be reduced to this : From the Point 
A to draw a Line fo that its Part intercepted in 
the Angle formed by the Lines DC, BC may be 
equal to a given Line. 

And we may eafily fee that the Problem has 
four Solutions ; for the Lines AFE, A£F, ekf^ 
cAf fatisfy the Problem ; for each of the Lines 
FE, £F, ef^ ef, is equal to the given Line. 

Now if we feek AF, the Equation will alfo 
give AF, Af, and A/, and will be an Equation 
of four Dimenfions. 

If we feek DF, we difcover befides DF, Df, 

But we muft obferve, that FE, FE are fimilar- 
ly pofited, as alfo ft, fe ; and therefore diffe- 
rent Lines are given, affefted in the fame man- 
ner with refpea to FE and FE. Now fuch an 
one is to be chofen from amongft thefe, as will, 
when known, folve the Problem (287). 

If we conceive the middle Points LL of the 
Lines FE, FE to be join'd, the Line joining 
them will cut the Diagonal of the Square AC 
produced in M, and AM or CM is pofited in the 
fame manner with refpeft of either of the Lines. 

^ ?fM 1-^°'"^ ¥ ''^'"S g'*^''» 'he Problem is 
lolv d J becaufc ML is perpendicular to AC, and 
CL IS equal to LE which is given. 

There- 
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Therefore AM or CM is to be fought, cither 
of which has only two Values AM, Aw, or CM, 

Cw. 

Examining the Figure, I fee the Computation 
will be Ampler if CM is fought. This therefore 
I call y, and put 

CM = x 

FE=; 2a 
AB=AD = * 

AC=c 

AF=/ 

FD = ;^ 

The Triangles ABE, AFD are fimilar, and 
AE {y + 2a) AB (b) : : AF 0), FD (z.). 

In the right-angled Triangle AFD, the Square 
AF {yy) is equal to the Squares 21.2:, -f **• 

Again, in the Triangle ACL becaufe LM i s 

perpendicular to AC, the Square AL ;'+ a * 
is equal to the Squares of the Sides AC, CL, and 
twice the Reftangle ACM ; that is, cc -f- /la + 
2XC. There are given therefore for the three un- 
known Quantities^ thefe Equations : 

h 

I®. by=^%y + 2%ay or % = — \ 

•^ '' ' y 'V'^a 

2^. yyz=:zZA-\' ib 

3®. jy + V^ ^= cc -f- 2XC. 

By fubftituting the Value of 2., the fecond E- 
quation is changM into this : 

y^+^ay^ + 4^ayy = ibbyy + 4*% + 4^hMl 
The firft Member of this is the Square of the 

firft Member of the third Equation, whence wc 

deduce a new Equation : 



\ 
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By reafon of the right-angled Triangle ABC, 

Therefore 

c^ 4" 4^' ^ + 4tcxx =cgy -|- 2cc^j^ — acctf^ 
CC'^' 4CX + 4XX =: jy + ^(^y + 2^«t 

For jy4- 2/jy, I put the Value of it that is 
given in the third Equation, and we have 

XX -f--5<x— •4-11/1= o. 

The Conftruftion of which is eafy (282). 

Observation VIL 

2po. But the Number of Geometric Solutions 
does tiot always determine the Number of Di- 
inenfions of the Equation by which the Problem 
is folv'd. The Dimenfions of this Equation 
oftimes exceeds the Number of poflible Solutions ; 
which is owing to three Caufes. 

When the Conditions of the Problem alge- 
braically cxpreffed have algebraic Solutions, which 
cannot be applied to the rroblem geometrically 
confidcr'd. 

There are befides two Caufes explained be- 
fore (220,223,235) but it may be obferv*d, 
that what was explain^ in ji. 220. cannot be ap- 
plied to Geometric Problems, unlefs the Problem 
does not permit an affirmative Root to be alfo 
ftegative, and n)ke verfa : for in Geometry the 
Affirmation or Negation does frequently depend 
on the Figure which may be drawn othcrwifc. 
The two following Problems will illuftrate thcfe 
three Ca&s by Examples* 

Pno- 
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Problem XXXII. 

291. To form a Square^ the iDiference betwixt 
the Diagonal and the Side being given. 

Let the Square be DCEF, let the Side beTAB.ir, 
called X, and the glvtti Differen ce AB = a ; the fig-5- 

Square of the Diagonal DE = x + ^ * is equal 
to the Squares of DC and C£^ that is, txx. 
Therefore 

XX 4" ^ax -^aa^^ txx 
XX — 2ax "-^ aa = o. 

This Eqliatioh has two Roots, but the aifEr- 
mative only folves the Probiem : the negative 
one is equal to the Sifle taking away 2a ; for 
if this Difference is called •— x, we come to the 
iamt Equation xx — 2ax — aa = o. But this is 
not at all interefted in the Problem geometrical- 
ly confidered, as is evident from the Figure it- 
felf. 

Problem XXXIIL 

292. There is given a Semicircle AEBy and toTA^.U• 
AB continued there is an indetermin^d Perpendicular j fig* 4* 
DF, AF is to be drawn fo that -h- EF, DF, AE. 

It is evident at firft view, that FD may be 
continued below AD, as alfo the Sermicircle con- 
tinued to a Circle, and that non^ of the Lines 
EF, DF, AF can be difcover'd, unlefs we alfo 
find an equal negative Value at the fame time. 
The Equation will therefore necelfarily contain 
the Square of the Quantity fought. 

EF = X 
DF=> 

AE=j?, 
AB=/i 
AD==* 

The 
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The Equations are deduced from thefe Pro- 
portions : 

^ EF (x), DF (y\ AE (^) 

AB (a\ AE (z,), : : AF (z, + x), AD (0 

AF* j;, 4- x' =FD^ (jy) + AIH (WJ. 
Therefore, 

J. xz,=yy. 

2. zz, -^ z,x = ba. 

3. x^z. + 2Z,x + XX =^yy + ^i. 

The third Equation, after the firft and fecond 
are fubflrafted from it, is reduced to this : 

xx^bb-^ia. 

But although x is now given, the Problem is 
not yet folv'd ,• for I cannot draw AF, unlefs 
AE or DF is given, that is, Jt or;'. I feek x^ 
becaufe it is eafieft to be difcover*d. 

The fecond Equation is changed into this ; 

%,x^=ba — XJC 
zx^xx = bbaa — ibaxA -f- ^ ^ 
Therefore, 

z,zbb — zz^ba == bbaa — • zbazz, + ^* 

That is, 

z,^ — abzjz -{- bbaa =: o 
— bbzz. 

Which Equation has four Roots, two pofitivc 
and two negative ones, equal to them ; that is, 
the Square x^ has two Values, but one of them 
is to be rejefted (2 jo), becaufe z^ is the Square 
of the Root — zx,, not of + zz ; and this fol- 
lows from the Nature of the Problem, and not 
from a Line drawn at pleafure. 

We may alfo reduce this Equation to two Di- 
ilieniions, if we put 

bb'-ba^dd. Then 
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Then X is equal to + i and — d^ and fubfti- 
tutirig thcfe Values of x in the Equation icx = 
ba — zx, we have thefe two Equations ; 

A«, -f- drs — ' ba^o 

zjc — dz, — ba =i= o. 

Each of which Equations has one affirmative 
and one negative Root. 

I rejeft both the Roots of the laft Equation, 
becaufe we have nothing to do with the negative » 
Value of X. 

In the firft, I chufe the pofitive, and rcjcft 
the negative Root. 

293. It is to be obferv'd, that this negative 
Root, with the affirmative one of the Equation 
x«,— awf-—^^=o, belong to impoflible Cafes 
(235, 236). For if we feek j^, we fliall fee that 
the Problem has two Solutions ; which may in- 
deed be algebraically expreiTed^ but are in rea- 
lity impoffible. 

The firft Equation is changed into this : 

j^ i=iZAxx=sbbz^''^baz^z, 
The lecond is changM into this, 

z^ ^=: ba *-^ yj. 
Therefore 

y^^^bb — baxba-^yy 
Or, 

y^ '^^ biyy^ba^ =iO 

— ^^)7 + ^^^^« 

This Equation gives two Values of the Square 
yy, one of w:hich is negative ; and confequendy y 
has two impoffible Values (218). 

Ob- 
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Obsekvation Vin. 

294. Sometimes it happens, that the Number 
of Solutions exceeds the Number of Dimenfions 
of the Equation by which the Problem is folvM ; 
which \s a Paradxxc : iince from what has been 
explained before (2 1 2), it is manifefb that the un- 
Icnown Quantity cannot have more Valqes than 
. it has Dimenfions in the fingle Equation. 

This Cafe has place only in Geometry, and 
may fometimes happen becaufe the Number of 
Geometric Solutions may exceed the Number o£ 
Algebraic Solution^. This falls out when oiany 
.equ^al afiirmative or negativ^e Lines ioU^ the 
Problem, for various equal Values are algebrai- 
cally the fame Vgflue. 

2,^5. But it is to be remarked, that on fiich 
occaiObon^ we have not always a iimpler Equation^; 
for an Equation may contain two equal Values 
of the iame unknown Quantity : that 15, confi- 
dering the thing ^Ig^iti^^Uy* twice the fame 
Value. In this JEquatiop, xx — ^ %ax rf- ^^ = o, 
X has two Values equal to a i which, except in 
a Geometric Problem, fighifies nothing but that 
X is equal to a : for if x=:^, we have this E- 
q nation, x— /i-=:.p, orxx — ixa-\- aa ^=^Oy or 
even more compounded. But we do not always 
arrive at that ^j)ich expre(fes the Number of 
equal Geometric Solut^ions,' This Obfervation 
is illuftrated by the following Problem. 

PRO^tEM XXXIV. 

Tab. II. ^9^' ^^ ^*^ Cinutnference of the Semicircle ADB, 

fig; 5, vjhofe Center is C, there is fought the Point Dfrnh^ 

thfitiffrom it to the Diameter ARy there is drawn 

the Perpendicular PE, the BjeBangle under CE and 

ED 
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ED jw^ ^ tqu^ ^0 the S^rt <f tht given Lim 

FH. 

Let us put V 

CE=x 
DE =:r 
FH = * 

And we have thefc Equations : / 

Xy=bb J=- 

And by Subftit«tk>n, 

aa=xx-jr 

x"^ — aaoex -^-b^ sapo» 

Wfckh lEqufttion, if folv*d (217), gives two 
Values of the Square xx ; which have each apo- 
fitivc Root and an equal negative one : x (CE) 
therefore has two Values on ^ch fide the Cen^ 
ter ; and four Points E, E, e^ e^ may be deter- 
mined by this Solution. 

Each of thefe Points afford two Solutions, one 
affirmative above the Line AB, and the other 
negative below the Line ,• y therefore has four 
affirmative, and as many negative Values. But 
in the given Equations if we feek;', we have 

Which Equation gives only two pofitive and as 
many negative Values : The reafon of this lis 
manifeft, becaufe of the Equality of ED, eD, 
^d ED, eD (294, 195). 

297. But diat this Equation x* + aaxx + b^ 
=55 may be ooaftn^cd, it muft iirft be folv'd 
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(itjX or reduced to two others more fimole • 
and we have ^ ' 

I feek a third Proportional to the Lines a and 
t (ijjX which I call d ; then 

W = ad, and i^ ^=iaadd. 
Whence V |^^^7^= ^V^^^I^ii (x^4.) 

NowV:;^^ — ^/J may be determined (281). 
I put ^^^^ ^ 

V^aa—dd=e. 
And making Subftitution^ we have 

XX =faa'\-ae 
xx=^iaa — ae. 

The Conftrudion of either of which is not dif- 
ficult (279). 

We might refer hither n. 199. See Pkob. H, 
which does not ditfer from this. 

Observation IX. 

298. We fee how in Geometric Problems ne- 
gative Solutions are fometimcs rejefted : This 
happens for the moft part when we feek a Con- 
ftrufition on one fide of a Line, which takes place 
alfo in the fame manner on the other fide. As 
to the reft, Roots are rarely rcjefted in Geome- 
try, becaufc they are negative. For a negative 
Line differs only in Poation from a pofitive one 
(2^4,265.) Wherefore oftimes pofitive Solu- 
tions are changed into negative ones, and vice 
verfa only by varying the known Quantities ; and 
various Cafes may be dctcrroin'd, only by con- 

fidering 
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fidering the Equation by which the Problem is 
folv'd : Which we will illuftrate by an Example. 

P R O B L £ M XXa V. 

299. To dravi d.Circle v^hich may pafs through a 
given Pointy and may touch a Line given in Pofition ; 
as alfo a Circle given in Magnitude and Pofition in 
the fame Plain. 

Let A be the Point given, B D thd indetermi- Tab. Ill* 
red Line given, E F the Circle given, whofe Cen- fig^ »• 
teris C. 

The Center of the Circle fought I fuppofe to 
be N; drawing NC, E will be the Poiitt of Con- 
ta£b of . the given and fought Circles ; drawing 
K I perpendicular to B D, I will be the Point of 
Contaft of the Circle fought, and the given Line : 
NA, NI, and N E, are therefore Radius's of the 
fame Circle, and confequently equal. 

I draw AB perpendieuliar to BD« which I 
divide into two equal Parts at M, and draw M L 
parallel to BD ; I .fuppofe Al drawn, which Cuts 
ML in O, and al(b in two equal Parts, becaufe 
of the Equals AM and MB ; therefore in the I- 
fofceles Triangle ANI, NO is perpendicular to 
Ai, and NOI is a right-angled Triangle, in which 
OL is perpendicular to the Hypothenufe, and 

-r^NL^ LO, LL 

If NI is fuppos'd product to H^ to that IH 
may be equal to EC, find fuppofing alfo CH 
drawn, the Triangle CNH will be Ifofceles. 
Let there be drawn ndw CD perpendicular to 
BD, and let this be. produced to G, that DG 
and IH or EC may be equal, that is, JIG paral- 
J^ to BD5 let CG be cut in Q, in two equal 
Parts, and drawing QR parallel to BD, it will 
cut CH equally in P, and NP will be perpendicu- 

' I kr 
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lar to HC, wherefore the Triangle NPHis 
rigbt-aogled, and PK is perpendicalar to its Hy-. 
pothenuw) whence itfdlows 

*NK, KP. KH. 
Let us put 

CQ-QG=KH=* 
Am=MB=LI = c 

MR— LK— i 

MO=OL=x 

NL=j' 
Therefore PQ.~KP=4— x 
We have only two unknown Quantities x and 
r, which bcbg given, N may be detcrmin d j we 
have alfo two continued Proportions, which alge- 
braically expre&d, are 

Thefegive the Equations 

xx 

XX s= j-f or J* =s — 

aa — iox + XX ^s di -^ h 
And by Subftitution,' 

tiCX 

aa-^iox+xx^dt-jr -j--. 

Whence 

icflx , aa c^dic . 

Casb I. 

300. lie exceeds*, that is, if ABis ^eatet 
than^G, the fccond Term of the Equation « 
neoative. ; if in th8 fame Cafe aa excee^ dl^» that 
^f if Bi> exceeds double the mean Progomo« 
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betwixt MR and CQ, the laft Term will be af- 
firmative, and the Equation has two affirmative 
Roots (115); that is, two Circles have the rcqui* 
fite Propenies, both whofe Centers are towards 
the fame part of the Line AB with CD, but one 
of their Centers lies betwixt thefe Lines^ the 
other beyond CD; 

C A S B IL 

301. If c remaining greater than k, the Rec- 
tangle db exceeds aa^ the third Term will be ne- 
gative, and one Root is negative, the other affir- 
miitive (21 y); that is, the Line AB will be givea 
betwixt the two Centers of the Circles thac 
folve the Problem. 

Case III. 

joi. This alfo happens if * exceeds c, and 
aa exceeds db (215); for then the fecondTcrm 
is affirmative, and the third negative. 

Case IV. 

303. But if when * exceeds c, the Reflangle 
db exceeds aa, all the Terms are affirmative, and 
both the Roots negative (215); wherefore both 
the Centers arc on that Side AB, which is be- 
twixt it and the Line C Q- 

C A S E V. 

« 

304. If aa^bc^ the Equation is changed into 
this, 

XX — —7=0, whofe Roots are 



2ca 
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. That is, one Ce&ter lies i!i the Line AB^ and 
the other lies in the fame part of this Line wkh 
CD| if c exceeds i; but otherwife^ if k exceeds c. 

Case VI. 

305. If c=s^ the Equation multiplied by c^ 
is 

But c — ^ = o; therefore we have 

aa — db 

x= ■- 

And the Problem has only one Solution^ the 
other Center going oflf in infinitum. 

3o5. But as to the Conftrufiion of tlus Equa* 
tion 

tacx , aof^bic 

XX— : H ; — =Bo. 

we muft feek a fourth Proportional to thefe 
three c — *, c,a, which we may call/; and ano- 
ther to thefe three a^ b^ d, which I call ^ ; 
Therefore , ^ ac 



\ d^bix d^ g^ and ag=bd. 
The Equation then is changed into this 

XX— 2/x+a— ;j x/sso 
Now finding a mega Prop<Mtional betwixt 

a— g and /, and calling it A, we have this E- 
quation 

xx--^/x+*A=so 

The Conftruftion of which we have already 
explained {217)* 

When b exceeds c, it is+^y^c, but on the con- 
trary — 2/x when t exceeds b. When a is grea- 
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tcr than g^ we have + AA, but — hh^ when i 
is greater than a. 

Observation X. 

}o7. In Geometric Problems ic is not always 
Becef&ry to continue the Computation 'till we 
come to a fingle Equation. For when we have 
an Equation that gives the Proportion betwixt 
two unknown Quantities, if onlv thofe two re- 
main, the Figure is to be exgmin d, becaufe pfc-* 
times iromfuch an Equation we deduce a Q^«* 
firu£tion ; as will be evident in the following 
Problem, and in Prob. 41. 

Problem XXXVI. 

308. To defcribe aGrck that may touch another 
Grcle, given in Magnitude and Pofition^ and may al^ 
fo pqfs through two Points given in the fame Plane v)ith 
the Grcle. 

Let the given Points be A and ^, the Circle T a 1. m, 
given DD, whofe Center is C. ^* *• 

Draw AB, and let it be bifefted In F, and iq 
that Point let FG be ere£^ed perpendicular to it. 
It is evident that the Center of the Circle 
fought is in this Perpendicular, fuppofe it to be 
N > and let us conceive the Lines NA, NC, 
draw^n, of which this laft cuts the given Circte 
in E ; NA, NE, ipuft be equal. 

From C let fall the Perpend icijlar CH on FG, 
fnd let 

FH = ^ 
FA = i 
CH = c 
CE = J 
NH = ^ 
NE=NA=^ 

Intheright-angI?dTriangles NCH and NFA, 
we liav9 
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NO=CH^ + NH%aiid NA^~AF«+FNS- 
That is 

j;y + a^ + ^M == cr "4- XX 
yyzzzbb '\^aa'\'2ax'^xx 

I fubftraft the fecond Equation from the fir(t 
liy + i<i==cc— At-— /M— lax 

I feek a Square equal to cc — bb — au'^ dd 
(280, 281); let this be f^. 

I then feek a third Proportional to tbcfe two 
tj^uantities, 2tf, e, which I call/j and 

2af=cc'^bb--^aa*^dd* 

Therefore 
dy^=qf — ax. 

Whence 
Jyf — xtia^ d. 
If now HI=/, NI is equal to /— x, and it 
^ will be 

NE, NI::/i, il 

If we conceive I E drawn, and CL parallel 
JO it, it will be alfo 

a, dxi EC (d\ IL=- 

Whence we deduce this Conftruftion. Sdppofe 
the Lines AB, FG, CH, which are given to be 
drawn, as is before mentioned^ I take HI==f which 

dd . ^ . 

is given, and IL = "p which is alfo given. I 

draw LC, and through the Point I, a Parallel to 
it IE, which cuts the Circle DE in E and e ; and 
through C and E, I draw a Line which produced 
<uts FG in N ; which is the Center foiagbt, as 
is evident from what has been before .explained. 
The Point e fhews that there is another Solu- 
tion of the Problem, and e C produced, . deter-- 

mines 
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mines by its Interfeftion with the Line FL, the 
Center of the fecond Circle. 

When N falls to the other part of the Point H, 
X is negative, but that does not change the Con- , 
ftruftion. 

When W4- ^^ + ^^ exceeds cc, we put blf + aa 
-^-dd — cc = eey and in this cafe / i> negative ; 
where£3re the Point I is markM on the other Side 
of the Point H (254). 

Observation XL 

309. Having already explained thofe Things 
which are to be obferved in algebraic Solutions 
of Geometric Problems, we may now add that 
Algebra is not always neceffary, for in many Ca- 
fes a Conftruftion is eafily deducM from the well 
known Properties of Figures; wherefore this 
ought firft to be attempted before we enter on 
the Computation. 

Problem XXXVH. 

3 10. To defcribe a Circle which may touch two gi" 
ven right Lines ^ and alfo pafs through a Point given 
in the fame Plane. 

Let A be the Point , given ; and BD, EF the J^^; "• 
Lines given, let thcfe be produced 'till they cut ^' 
each other in G; let GN be drawn, which di- 
vides the Angle DGE into two equal Parts, 
(267), it is evident that the Center of the Circle 
fought is in this Line. From A let fall the Per- 
pendicular AI upon this Line (269) ; it is again 
evident, that if this is produced, 'till IH is equal 
to AI, H will be in the Circumference of the 
Circle fought. 

This premifed, let us fuppofe N to be the 
Center c3f the Circle fought, and NM to be per- 

I 4 pendicular 



/ 
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pendicular to EF, NM will be the Radius of this 
Circle, and M the Point of Contadl. 

All this is to be confider*d before the Compu* 
tation is begun, which I prefcntly fee would be 
unneceflary, if we continue the Line AH 'till it 
cutsEFii^|C; fork is evident, that KM js a 
mean Proportional betwixt the knpwn Lines KA, 
KH (jtf.IliE.) wherefore Ki is given (279) ; in 
which Point if there is a Perpendicular erefted, 
it will cut the Line GI in N, and will determine 
the .Cs:nter of the Circle fought. 

Observation XIL 

311. Thjere are fometimes Conditions given in 
Geometric Problems, which cannot be algebrai- 
cally exprefTed > in thefe Cafes, the Solution is 
to be deduced folely from Geometric Confidera* 
tions. 

Problem XXXVIIL 

3 1 2. A Point qnd a ParaB^h^r(^m being grv^n in 
th^ fame Plain, through thei Point to draw a Para(r 
lei to a Line given by Pojttion in the fame Plain, vjitb^ 
^ut making life of a Qrcle. 

Tab, III There is to be drawn a Parallel to BF, through 
fig. g, * the Point A^ only by drawing ftraight Lines, the 
parallelogram IL being given in the fami? Plain. 

It is evident by confidering the Problem, that. 
Algebra is here unufeful ; for every algebraic So- 
lution produces an Equation, \yhic;h can nevg: 
be cpnftnwfled without majcing ufe of a Circle. 
The Solution is therefore to be deduced from Geq- 
metric Confiderations. 

J produce three Sides of the Parallelogram^ 
'^'tili they occur to the given Line in B, C, & F, 
which is aUo cut in E by the Diagonal KM pro- 

dijic'di 
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ducM; the fourth Side IK is prwWd indetermi- 

n*wly. ^ ^. .\. r> 

This premisM, the Conftruftion is thus : From 
A, I draw Lines to B and C ; the foft of wWch 
cuts the Side IK, or its Coatittuation, ia D, 
whence I draw DE, cutting AC in G, aad 
through that Point draw FG, which occurs to 
xheSdelK, oritsContinuationiBHi AH will 
be parallel to BF. 

Demonsthatiok. 

From C lo T the InterfefHons of the I«ines 
FL and ED, I draw the right Line CT. 

Becaufe of the Parallel KB> MC ; 

EC, EB : : EM, EK. 

And by reafon of the Parallels DK, NM; 

ET, ED ? : EM, EK- 

Therefore 

EC, EB:: ET, ED. 

Wherefore ADB andNC are parallel ,• whence 
it follows, thaf the Triangles CGN and AGD 
are (imilar ; an4 

GN, GD : : GC, GA 

But by reafon of the Parallels TF, DH, the 
Triangles FGT and HGD, are fipiilar j and 
- GT, GD : : GF, GH. 

Therefore 

GC, GA : : GF, GH 

And theTriangles CGF,AGH are fimilar (6MlEd 
for the Angles FQC, BGA, |)eing opposed at 
the Vertex, are equal; therefore the Angles 
CFG and AH G are equal, and AH parallel to 
FC (27. I E.) 

Different Cafes of this Problem may be given, 

but the Solution of them all is eafy from the Con- 

' ftruftion 



128 Uaieerfdl Matbemafies. 

fir u&ion here laid down, which takes place H this 
Figure, wherever the Point A may be fupposU 
But when by reafon of the Situation of the Pa- 
rallelogram, with refpcft to the Line BE, all the 
Points B, C, E, F, cannot be determined ; ano- 
ther Parallelogram is to be drawn^ which is ea*- 
(ily done when one is given. 
Tab.IIL 313. LetlKLMbe the given Parallelogram^ 
'fr 4* whofe Diagonal is KM ; let there be drawn two 
Lines RS, PQ^ at pleafure, catting each other 
in O, fome Point of the Diagonal, the firft occurs 
to the Sides IK, ML of the given Parallelogram 
in R and S ; the other Line r(^ cuts the Sides in 
PandQ, theLines joining R, Qand P, S, will 
be parallel > and being continued, as alfo the Sides 
KL, MI^ we ihall have a new Parallelogram 
TQVP. 

Demonstration. 

Bccaufe of the PartHels KR, MS, the Trian- 
gles MOS, ROK, are fimilar ; as alfo the Tri- 
angles POM, KOQ,, becaufe ojf the Parallels 
MP, KQ. Therefore 

SO; OR : : MO, OK 

PO, OQ: : MO, OK 

Confequently 

SO, OR : : PO, OQ^ 

Wherefore the Triangles PSO andROQ. are 
fimilar, and PS, RQ parallel. 
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CHAP. XVI- 
OfThyficd ^Problems. 

3i4.T3HyficalProbIemsafe folvM like others^ 
X^ it we only remember the Rule laid 
down n. i8;. tomakeufe of what is- known 
&om other Principles relating to* t)ie Qupftion^ 
in order to bring it to an Equation^ 

Pr O B L B M XXXVIIL 

31;. Given the Height ff the Quickfiher in the 
Barometer^ to determine the Height if the Quickfiher 
inacjUudricTube^ v^hofe Length is given^ and which 
has a given Quantity of Air included in it. 

Let the given Altitude of the Mercury in the 
Barometer be a ; the Height of another cylindric 
vertical Tube, above the Superficies of the Merr 
cury, b ; we fuppofe this to be clos'd on top, and 
a Quantity of Air in it, which in the State bf the 
exterior Air, would occupy the Space c m the 
Tube ; the Height the Mercury will be fuf- 
tainM at in this Tube, by thePreflure of the At- 
mofphere, is to be determined. Let this Height 
be called x. 

This Problem cannot be refolvM, unlefs the 
Law, according to which the Air expands it felf, 
is known ; which is. That the Space taken up 
by Air is inverfely as thecompreffing Forces. 

When the Air in the Tube takes up the Space 
c, it is compreffed by the whole Atmofphere, 
and the compreffing Force can fuftain a Column 
of Mercury whofe Height is a. 

But 
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But the Air in the Tube is dilated^ and takes 
up the Space ^— x ; and the Preffure of the Atr 
niofphere produces two Effefts, itfuftains the 
Mercury at the Height x, and by its remaining 
Force, capable of fuftaining a Column of Mer- 
cury a — x^ compref&s the Air in the Tube. 

Therefore when the Spaces taken up by the 
Air are c and b — ^x, the compreffing Forces are 
as # to a— X. Confequently 

^ \ , — ^a =:ba — bx — ax-f- xx 

z~ ^/ j — - ^x — ca 

Which Equation has two pofitive Roots (ai5)» 
but one only ferves thp prefent Purpofe ; it may 
be diftiuguiAM from the other (230), if were*- 
m^ber that xx in the j^quation had the negative 
Root — X. 

Problem XXXIX. 

5*i(f. Given a Mixture of two kffown Afetals^ ti 
determine how much of e^ch H^etal it cofit^iuu 
• That this Problem may be folvM, it is enough 
to know, that diflferent Metals, equal in Weight, 
lofe unequal Parts of their Weights, when they 
are weighed in Water. 

Let there be given a Mixture of Gold and 
Silver, let the Weight of the Mixture be a ; let 
there be given befides, any two Pieces, one of 
pure Gold, and the pther of pure Silver; let 
thefe be weighed in Water, as alfo the Mixture^ 

Each of thefe Bodies lofe fomcthing of theiy 
Weight ; let b be the Weight loft of the Mixture 
/I, let the Weight of the Gold be c, and the 
Weight it lofes in Water be d ; let the Weight o| 
the Silver be e, and the Weight it lofcs/ 

OH 
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Cill the Weight of the Gold in the Mixture x, 
«nd the Weight oi the Silver will be ar^xi let 
the Weight of the Gold, m the Mixture loft m 
the Water, be called y, then the lofs of Weight 
of the Silver in the fame Mixture will be ^j'. , 

It is evident that the Weight of the Gold c is 
to the Weight of the Gold x, as the Weight loft 
in c to the I06 of Weight in x, which muft alfo 
be apldied to the Silver e and a—x. Theretore, 

Cf X : idf y 

e, a — X : : f, ^— J' 

I 

Whence we deduce dx 

dxsscjr, ox y = - 



*,4— x::/, ^— ~ 

r r L *^ 
/4— /X~fe— — 

if a -— ch e 

Problem XL.' 

317. From a given Point to throv) a Body^ vnthfkt, UU 
4 given Vehciiyt to a given Point B. '«• S- 

When the Velocity is given, the Altitude may 
be determined, from whence a Body foUing will 
acquire that Velocity : Let this be DA, which 
Line we wiU place vertically. 

It is well known in Phyfics, that a Body thrown 
^Hlft it moves with an uniform Motion, alaig 
the Line of its Projeftion, does, mean while, fall 
through Spaces, wWch are as the Squares of the 
Times, thcfe two Motions not difturbing each 
other. It is alfo known, that a Body, with the 

Velo- 
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Velocity acquired by falling from a certain Height, 
will in the fame time it fell, go through a Space 
equal to twice the Height it fell from. 

This premised, let AE be the Direftion fought^ 
in which the Boiiy by its projedile Motion, runs 
the Space AE in the fame time, that in falling it 
^xs through EB fuppos'd vertical. 

Let us put ^ 

AB=a 
AD = * 
AE=:x 
EB=> 

In the time that the Body falls through 
j^ by its proje&ile Motion it runs through x. 

In the time the Body falls throi^h b^ by 
its Projedbile it will run through ih. 

The Spaces dcfcnb'd by an uniform Motion^ 
with the lame Velocity, are as theTimes ; but the 
Spaces fell through, are as the Squares of the 
Times. Therefore 

XX, ^b iij^b 

^by^=^ XX 
•«• 4*, x^y 

I produce AD to F, fo that AF = 4 AD; I 
now ^ee that the Line AE is fo to be drawn, that 
AF, AE, EB, may be in continual Proportion; 
which they will be, if EF being drawn, theTrian- 
lesAEFandAEB are fimi&r, or the Angles 
_[EF, EAB equal: whence it follows, that the 
Problem is folvM, if there is a Circle delcribM 
through the Point F, that touches the Line AB in 
A, which is very eafy. This Circle will cut the 
vertical Line paffing through B (3 2. Ill £.) in the 
point E. But as it cuts this Line in two Pointi^ 
it follows that the Body may be thrown in two 
different Direftions. See Obfcrv. 10. n. 307. 

This 
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TiusCooftruflionof this celebrated Fri^Iemis 
very (imple aod unirerfal- I attaia'd it by the 
Method here laid down, but afterwards faw ic 
eiplain'd by Mr. Cates^ Profeflbr at Camhridgt. 

If in feekine the fecond Equation we had com- 
pleated the Algebraic Solution, the Conftruftion 
o£ the Equation that contained the Solution of the 
Problem, would have been more compounded; 
and meer Geometric Confiderations would, with 
more Difficulty, have broughc us co this Con* 
ftrudlon. 
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THE 

PREFACE. 

Ai L Authors do not writs 7ueerly 
for the ufe of 'Beginners^ neither 
can it he rcafonably demanded of thppu 
Who could expeB that Sir Ifaac Newton, 
wbilji he lays open to Thilofophers^ the 
fublimer parts of Mathematics a7td Thy- 
fics^ Jhould write a Treatife of the ftrji 
Rudiments of Algebra ? He being former- 
ly Matbe/naticai "Prcfejfor at Cambridge, 
explained thefe Elements to the Touth ^ 
the Uni'verjity ; and then delivered in 
the written LeBures^ according to the 
Cufiom of the ^lace^ but never intended 
them for the Trefs ; So that this T'rea- 
Jure would Jiill have been hid^ had it not 
been publijhed contrary to the Will of tbo 
Ai'^thor^ Which ASion we cannot indeed 
commend^ tho* we congratulate the Lovers 
of the Mathematics y that a "Book fo wor- 
thy of its^celebrated Author y does no longer 
femain in darknefs. 

This Work would be much more ufefuU 
if fome things in it^ elegantly^ th(? brief 

K 2 ly 
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ly expreffedj were more adapted to the Ca^ 
pacities of Beginners \ and if ethers^ which 
are barely touched on^ were more clear- 
ly explained. Tbofe Writings that con- 
tain much Matter exprejfed in few Words ^ 
are indeed the moji agreeable to Mathe- 
maticiansy but not the mofi ufeful to all 
that apply themfelbes to thefe Sciences. 

This T)efeB might be correBed^ and yet 
the Mathematicians have no caufe to 
complain J if fuch Writings were illu/ira- 
ted with Commentaries^ which might be 
neglefHed by thofe that found they aid not 
need them* 

Some qf the chief Mathematicians of 
the preceding Age^ have not thought 
CartesV Geometry unworthy their Com- 
ments. Neither is Sir Ifaac NewtonV 
Arithmetic lefs deferring. It is there- 
fore to be wifhedy that among fo many 
eminent Mathematicia7is that now flou- 
rifljy fome one or other may undertake it. 

And that we may engage . Mathema^ 
ticians to rejleii on the Necefjity of fuch 
a Comment ary^ we give this Specimen \ 
wherein we endeavour to illuftrate twa 
Places, which are far from being the mqft 
difficult* 



A 



( m ) 





A Specimen of a Commen- 
tary on Sir Ifaac Newton i Vni* 
verjal Arithmetic. 

Page 42. 
Of the Int'cntion of Timfors. 

O this may be referred the Inven* 
tion of Divifors by which any 

Quantity may bedivided^ 

• If it is a fimpk ^antity^ divide it 
by its leaft T)imfor^ and the ^otient by 
its leaft T>imfor^ and fo on ttlf there re- 
mains an indi'vijible Quotient • So you will 
ha've all the prime T>i^ifors of this com^ 
pound ^uantity\ then multiply each twOy 
threcy foury &c. of thefe "Dimfors toge'^ 
thery and you will have alfo all the com- 
pound Divifors. As if all the Divifors 
of 60 were required, divide it by 2, and 
the Quotient 30 by 2, and the Quotient 
15 by ;, and there will be an indivifible 
Quotient 5. Therefore the prime Divifors 
are i^ 2, 2, 3, j; ; thofe producM by the 
Multiplication of each two are 4, 6,109 
15; thofe composed of three, is, 20, 30, 

K I and 
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and of all 60. Again, if all the Divifors 
of the. Quantity 2\abh. are defir'd, divide 
it by g, and the Quotient 'jabb by 7, and 
the Quotient abb by a^ and the Quotient 
bb by by and there will be an indivifible 
Quocient b ; therefore the prime Divifors 
are, i, 5, 7, ayb,b\ thoife compounded 
of tach two of thefe, ?c, 3^, 5^, 7/jr, 7^, 
tjZ^, Z'^. of three 21a, 21^, 2^Zr, jA^, ^ab^ 
']bby ahb\ of four2i^i, libb^ ^abb^ jabb; 
of five 2i^i^. In the fame manner all theDi- 
vifors of aabb — 6aac, are 1, 2, bb'^^acj 
2^, 2bb — 6acy abb'-^^aacj ^abb--6aac* 

2. If the ^lantitj^ after it is divided 
by all its fiviple Tiimfors^ remaint 0>mi: 
pott?2dy and there is a Sufpicion that it hdi 
u compound Tiimfor^ order it according tff 
the Titmenfions of any Letter that is in 
it\ and inftead of that Letter fubjiitute 
fuccejfwety three or more Therms of this 
Aritbnieiic'^rogreJJiony ^, 2, i^ c, — i, — 2 ; 
and place the Numbers refulting from 
fuch a Sub ft it ut ion with all their T)ivi- 
firs againji its correfjpondent ^erm in 
the Trogrejfiony fuppojing the Signs of the 
divifors to be as well Jfflrmattve as Ne- 
gative. T^htn feek all the Arithmetic 
Trogr estops J that can be found amongfi 
tbefe jbivifors^ proceedingfrom the bigb^ 
eft Terms to the loweji^ in the fame OT" 
dcr that the "Terms of the Trogrejfion ^, 2^ 
1,0, — I y proceed; and the di^iirence of the 
^rogrejjions thus fought^ muft be either 
! Unity y 



tJmt% or fame other Number that divides 
the high eft Tower (f the Quantity pro^ 
po/d) Ifanyfuch Trogreffion occurs ^ihat. 
^erm of it in the fame row with o of the 
JtrfhTrogrepop^ divided hy the difference 
'of ihe^ermsy and then annex^ d with its 
Sign to the Letter abovemention^ d^ is 
the vmpmnd TXimfor to be tried; 

J, A» fuppofe the Quantity is x^ — xx 
'^iox-\-6. Infte^d of p^ I fubftitute fuc- 
ceflively the Terms of this Progreflion 
i, o, — I \ the Numbers by that means 
produc'd are — '4, 6—14, which I place 
With all their Divifors in the fame Row 
with their correfponding Terms of the 
Progreflion^ i, o,— i in this manner. 

1 



I 

6 
•I 



4 
6 

14 



'3 



Then becaufe the highqft Terra «?« ts 
divifible by no Numbef but Unity, I 
leek* a Progreflion among the Divifijrs, 
whofe Terms differ by Utiitjr, and whkh 
alfo decreafes from above in the fame 
maaner with the Terms of the Progreflion 
I, 0— I. I find but one Progreflion la 
that (oaiioef 4^ IjZ^ whofe Term in the 
fame T^w with o of the firft Progfeflipa 
i,c-^j,is 4-3* I therefore annex this to 
vV,and try the Divifion by «•+-?, which fuc- 
ceeds the Qiiotient, being ;«x— 4:^+2. 

K 4 4. Again 



2 


30 


»,2,5,f,<Jf 10*15,30, 


1 


7 


1,7, 


O 


2b 


1,2,4,5, '0,20, 


M 3h'3 


2I 


34' 


1,2,17,34- 
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4» Again let the Quantity be 6y*—p-^ 
2ijt* -fj;' + 20 ; I fubftitute inftead of 
_y2, 1, o, — I, — 2 fucceffively, and place 
the Numbers refulting jo, 7, 20, j, 34, 
with all their Divifors, in the fame Romt 
with the Terms that produc'd them as 
follows. 



4- 10 
-f 7 

+ 4 
+ 1 

4" 2 



1 can here find only this decreafing A^ 

rithmetic Progreflion + io,4'7»-f4> + it 
— 2, the comnGion difference 3, divides the 
higheft Term of the Quantity 6j;^. Where- 
fore I annex the Term + 4 (which ftands 
in the fame Row with o) divided by j, the 
difference of the Terms to y, and try the 
Divifion by^-f ^; or, which is the fame^ by 
jy+4, this Divifion fucceeds the Quotient, 
being 2^^— j^jf— j)^+5. 
, 5. And fo in the Quantity 24^l^ — ^oa^ 
-f-49^s — 140^*4-64^+30: the Operation 
will be as follows. 



2 
I 

o 
i 



f 



1. 2.3.(5.7. 14.21.42 
1.2.3. 
. 1. 2. 3. y.tf. 10. 15.30. 



42 

30 
2P7I 1.3.9. II. 27. 33.99. 297 



•3+3+7 
•I — i+i 

•i~5— y 

•3 — 9—11 



Here there are threeProgre(fions,and their 
Terms— 1—<—<, divided by the common 

diffe- 



XJni^nfal Arithmetic* »37 

diffcreaces 2*4.6, give the three Divifors^ 
^—i, rf— 7> ^— T* By trying, I find that 
only the laft fucceeds, the Qviotient being 

C O* M M E N T. 

6. In 5rder to deoionftrate that our Author^s 
Method neceflarily difcovers a Divifor^ as fup- 
pofe d/i — 5, let us imagine it known. Now if 
in this Divifor 6a — 5 we fubftitute any num- 
ber for /I, as 2 ; the number arifing from thence 
will divide the number produced by fubftituting 
the fame number 2 in the Quantity propos'd ; 
for a may reprefent any number, and its Value 
is fuppos'd to be the fame in the Quantity and 
in its jDivifor. 

By fubftituting inftead of a in the Divifor 5^ 
—5, the numbers 2.1.0. — i. — 2. fucccffively, 
we ihall have an Arithmetic Progreffion, whofc 
Terms are Divifors of the Quantity propos'd, 
fuppofing the fame Numbers, 2. i. o. — i. — 2. 
to be put inftead of a. 

The difference of this Progreffion is 5, which 
difference muft be a Divifor of 24, or elfe 6a 
would not divide 24^^, which it is neceffary it 
fliould, if 6a — 5^ divides the Quantity proposed.* 
There muft be given therefore amongft the nu- 
meral Divifors, an Arithmetic Progreffion an- 
fwering to the Divifor 6a — y, which muft have 
thofe Properties our Author requires. 

The Term — 5 anfwers to o, becaufe it is had 
when o is fubflituted for a. 

7. This Demonftration may be applied to each 
of the Divifors of the Quantity propos'd, and 
confequently all are difcover'd by this Method, 
49ecaufe each has d correfponding Progreffion. 

But 
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But as it is not certain tfet n6 Ptogreffioiiscafi b4 
difcovcr'd, hruc thcfe that belong to each DiVifofj 
jhcrefcre be ad^^ifts you to xry each, aad fee tf 

it divides the Quantity propos d. 

He Proceeds. 

§. If nd Divlfor can be got this ^;i^4y^ 
Of none that divides the Quantity pro- 
posM, we may conclude it has no Divifor 
of one Dimenfion, Buf it may perhaps 
have one of tu^o Dimenfions, if it is it- 
felf of more than three ; and if fo^ that 
Divifor may be fought in this manner* 
In that Qtiantityy inflead of the Lettefi 
jtihftitute^ as before^ four or fmre Terms df 
this Trogreffion j, 2^ 1,0. — i.— 2. — i.and 
add ana fuhJlraB the 7)icifors of all the 
rcfulting Nu7uhersytoandfrom theSquareis 
qf the correfponding Terms of the Vro* 
gre(fi07i, midtiplied into (omc numeral T)i^ 
cifor of the Quantity propos^d^ and placO 
the Etiins and Tiiffere72ccs in a Row with 
that Terin of the TrogreJJion\ then coh 
leB all the collateral ^rrogreffions that 
run through thofe Su7us and ^iJ^etc^Ti^es, 
Let :^Cbe that Term of one of thofe Pr^^ 
greffions that Jiands oppojite to o of tb^ 
firji Trogrefjivny 4. B the differe72te found 
by ftibfiraiiing 4. C .frotJi its next fupe- 

rionr Ter7n that fiands againji t of the. 
frft Trogreffion^ A the aforefaid numeral 
T>in)ifor<ithe bigheji Tetnh atid I th^ hot- 
ter 
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ter in the Quantity proposed ; then A //+ 
^l '\^Ql is the Tiivifor to be tried* 
^ 9. As if the Quantity proposed was x"^-^ 
-* f^xx-^- 1 2:x: — 6; for x I write fucceffi ve- 



X 



ly 5^ 7^ I. o.-*-i.— 2, and fee the Numbers 
produc'd by that means 39. 6. i — 6 — 21 
— 26, together with all their Divifors ia 
order, and add and fubftraft the Divifors to 
and from the Squares of the correfpond- 
ing Terms of the Progreffion multiplied 
into a numeral Divifor of the higheft Term 
x^ which is Unity ; that is, to and from 
9.4. I. p. I. 4; and place the Sums and Dif- 
ferences in the fame row. Then I colleO: 
all the Progre/fions chat can be form'd out 
of them as follows. 



5 
1 

o 
•1 



59 


1.3.13.39 


9 


6 


1.2. 5. 6 


4 


I 


I. 


1 


€ 


1.2. 3. 6 





21 


1.3. 7-ti 


I 


2.6 


I«2.l3.2d 


4 



— 30.-4.5.8.10.12.22.48. 

— 2.1.2.3.5.6.7.10. 

O. 2. 

— 6. — 3.— 2.-1.1.2.3.6. 
—-20.— 6.— 2.0.2.4.8.22. 
—22.— 9.2.3.5.6.17.30. I 



-4. 6. 

-2. 3. 
o. o. 

i2.— 3. 

4. — 6. 
6.— 9, 



The Terms 2 and —5 of this Progreffion 
which ftand oppofite to o in the firft Pro- 
greffion, I take fucceffively for Ijl C, and 

the difference of thefe and the Terms o- 
ver them o, o, which is — 2 and 4- ^, I 
take for Ijl B, Unity for A, and re for /; 

and fo inftead of A//+ B / + C, Ihav© 

two Divifors to be tried Afx4- 2:x?— 2, and 
<»A?-^ J^5C+3 J cither of which fucceeds. 



10. 
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10. Again, for the Quantity jy*— 6j;*4. 
y^ — 8 t^y — 147+14, the operation will be 
as follows 5 hrtl, I atrennipc the thing by 
adding and fubftrafting the Divifors to 
and from the Squares of the Progreflion 
2, 1,0, I, taking i for A, but it does not 
fucceed ; wherefore for A, I take j, ano- 
ther numeral Dlvifor of the highett Powef 
iy\ and then I add and fubftraft the Di* 
vifors to and from thofe Squares multi- 
plied by ?, that is, to and frpm 12. 5.0. j, 
and I find there are, 



2 

1 

O 

-I 

•2 



170 

38 
10 

10 
190 



1.2.19.^8. 
1.2. 5.10. 
1.2. 7.14. 
1.2. 5.10. 



27| 

3 



3 
12 



•2<^.— 7i.o.if.i5.i4.3i,5o< 
- 7.— 2. 1*2. 4. 5. 8. 13 
14.— 7. — 2. — i.i.2.7.i4« 
• 7 -— 2.1. 2* 4. 5. 8. 13. 



■7* 

■7- 

■7- 
.7.. 

.7.. 
•7.- 



17 
II 

5 

• I 

• 7 
15 



Thefe two Progreffions amongft the re- 
fdlcing Terms, — 7.— -y,— 7» — 7. and 11. <j. 
— I. — 7- for Expedition I negle£t the Di- 
vifors of the Extreams 1 70 and 1 90; where- 
fore continuing the Progreffions, I take 
the Terms anfwering to them, mz- — 7 andi 
17 above, and — 7, and — i j below, and try 
t( thofe fubdudled from 27and 12 in the 
fourth Column leave a difference tliat wiU 
divide 170 and 100 ; and I find the diffe^ 
rence betwixt 27 ind — 7, that is 3 4, divides 
170, and 19 the diiFerence betwixt 12 and 
-77 divides 190; alfo the difference be* 
t^Hct 27 and 17, viz* 10 divides 170, but 
25 the diifereace of 1 2 and —1 2 does mot 
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divide 190, wherefore I rejeft thislaft Pro- 
grefTion. Now in the firlt Jf. C is — 7, and 

Tjl B nothing, the Terms of the Progref- 
fion having no difference; wherefore the 
Divifor to be tried A//4- BZ-f Cwill be 

lyy 4" 7> by which the Divifion fucceeds, 
the Quotient being y^-^^yy^zy-if- 2. 

Comment, 

The Demonftration of this Method differs very 
little from the Demonftration of the forgoing one. 

J J. In the firft Example (9) let xx — 3x4-3 
be the Divifor of the Quantity proposed x"* — ^x* 

If this Divifor is fubftraSed from the Square 
of XX, the Remainder is +3x — '3; if in this 
Quantity we fubftitute fucceffively 2, 1,0. — i. — 2. 
for X, we ihall have an Arithmetic Progreffion 
whofe difference in afcendingis -f 3, and which 
when o isfubftituted,is — 3, from which Progref- 
fion the Divifor may be coUefted by the Rules of 
our Author. 

Now fubftituting any Term of that Progref- 
fion, fuppofe 2, in the given Quantity, there will 
be among the Divifors of the Number produced 
by fuch a Subftitution, a Number that will be 
found by putting 2 inftead of x in the Divifor xx 
— 3x4-3 > and fubtrafting all the Divifors from 
the Square of the Number fubftituted, 'viz>. 4, 
there muft be neceffarily found amonjgft the Dif- 
ferences fo produced, that Term of^ the above- 
ipentioned Progreffion, that anfwcrs to the Num- 
ber 2. 

iprom hence it follows^ that this Progreffion will 
necelfarily be found amongft thofe Numbers^ that 

tho^ 
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rbe Author has foii^ht \t in, %nA that erery 
vifor will pve a like Progrcffion. 

Our Author does not only fubflraft the nu* 
meral Divifors from the Squares of the fubftitu-» 
ted Numbers; but he alfo adds them together, 
becaufe this Addition is theSubftradion of a 
negative Di vifor. 

Before the Addition or Subftraftion of the 
Divifors, the Author multiplies the Square of the 
Number fubftituted by one of the numeral Di- 
vifors of the higheft Term, as in the fecond Ex- 
ample by ii the rcafon of which Operation will 
be manifeft, if we apply the laft Demonftration to 
the Di vifor in the fecond Example, 3 j^y + 7. 

HeFroceeds. 

12. If no Divifor that fuccceds can be 
found by thefe means, we may conclude 
that the Quantity proposM does not ad- 
mit of a Divifor of two Dimcnfions. The 
fame method may be extended to the find- 
ing Divifors of more Dimenfions,by feeking 
in the aforefaid Sums or Differences, not 
Arithmetic Progreffions, but fuch whofc 
firft, feqond or tnird Differences, are in A- 
rithmetic Progreffion: but the Learner 
need not be detained with this. 

* « 

Comment. 

• • ^ 

13. It i$ not enough to difcover fuch Progref- 

fions, for it does not fo eafily appear howDivifors 
can be form'd from fuch Progreffions. And be- 
fides, Divifors of three Dimenfions may be dif- 
eover'd by Arithmetic Progreffions only. 

14* 
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^ 14. Let the Qpaatity to wl)ich we want Di- 
yifors of three Pimtnfioijs be 

x^ + 1 2x^ + 4VX + 45^+3 

I form the fitft. Colvimn of nine or ten TermS 
of this Arithmetic ProgtellBon. , . 



4. 3. 2. t. o.-j-i.— *-2.7-"5. — 4. 

In the fecotid, I |et down all the Numbers a^- 
rifing from the Subftitution o| each of thefe in 
the Quantity proposM, 

The third contains the Divifors of the Num*- 
bers in the fecond Cofumn) all this is done the 
fame in Divifors of whatever Dimenfions. 

The fourth Co*umn is formcibf the Cubes of 
the refpeftive Ifl'uilibers in'the firp, multiplied by 
fome numerd Divifor of the hidheft Term of the 
Quantity propOsM with-iiny mjiniber 5 that in the 
third Column ftands dppioffte itQ o, added to, or 
fubftrafted fjrom them; .• 

Ex.girA mliltipJy th4 Cubes J^^. 27. 8. i. o. — i." 
•—8, — 27. — 44- ^5'^R^J the only numeral Divifor 
of the higheft Term x^; and to jtlie Produfts add, 
or fubftraft froim^hemi eith<er ^ Cir 3, which ftands 
in the third Column bpjpofite to d I here add j, 
and they beconte '^7* jo. ^ i.:4t3.2.-— 5. — 24. — 61. 
In the feme im^nner thefe three ' other Columns 
may be fornrtbr-j -.: •. - ., • 

3*^4r-iM— 30 — ^7 

I -Q — j 3|-.2d — dj 



61. 24. 5« 
6$. 28. 5?; 
6i. 26.7. 
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To each of thefe four feparate Columns, there 
xnuft be the fame Operation, applied, that wc 
are now going to apply to the firft of them. 

I add to, and fubftraft from each Number 
in the fourth Column, the correfponding Divi- 
fors in the third Column, and fet down the 
Sums or Differences (divided by the refpeftive 
Numbers in the firft Column) in the fifth Column. 

I write no Number in the fifth Column op- 
pofite to o, but conceive all Numbers Pofitive and 
Negative to be there. 

It will be fufficient to make ufe of only four 
or five of the leffer Numbers of the fecond 
Column, in order to form the third and fifth 
Columns, leaving the Places of the reft vacant, 
as in our Example. 

I now run over the Numbers of the fifth 
Column, to fee what Arithmetic Progreflion I 
can form out of them, and I difcover five, which 
I fet down in the 6^^ Column : (Ihave here only 
fet down three.) I then examine whether they 
can be continued upwards and downwards, by 
trying whether their Terms would have been 
found in their correfponding Lines of the fifth 
Column, if they had been continued, by which 
we avoid the long Computation that would have 
been neceffary to continue the fifth Column. 

1 5. Thefe Trials are only the reverfc of thofe 
Operations that the fifth Column was formM by. 
If the ProgreflSon difcover'd — 2 — 4 — 6 — 8, 
is continued down, the Term of it that anfwers 
to — 3 in the firft Column, is —10, which 
Number ought to be in the fifth. Column, that 
the Progreffion may be continued ; but if this is 
in the hfth Column, then if it is multiplied by 
—3, and the Produft 30 fubftrafted from its 
correfponding Term in the fourth Column, its 

L R«^ 
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Remainder will be fome Number in the 3* 
Column, that is, fome Divifor of the correfpond- 
ing Number in the fecond. Therefore if 6 ex- 
afily divides 43 2, the Progreffion goes on ; but 
if not, it is interrupted ; and is therefore to be 
rejected. 

. It is fufficient to try this Conrinuation in a 
few Terms, for otherwife the Operations would 
take up more time than the determining a Di- 
vifor from the Progreffion, and trying it ; for 
every Progreffion gives a Divifor to be tried. 

By trying their Continuation in this manner, 
all but the nrft Progreffion is interrupted ; and 
therefore this alone is to be made ufe of. 

1 5. By the help of this Progreffion, and the 
following Rules, I form the Divifor to be tried. 

i^', I multiply x' by the Divifor of the firft 
Term of the Quantity proposed, by . which I 
multiplied the Cubes ot the Numbers of the 
firft (Jolumn, in order to form the fourth. This 
Divifor, in our Examjple, is i, and the Produfl: 
x^ is the firft Term ot the Divifor. 

2"^^y, The difference of th^ Progreffion in 
afcending, is +2; I change its Sign, and — 2 x* 
is the fecond Term of the Divifor. 

3**^^, The Term of the Progreffion oppofite to 

in the firft Column, is — 4 ; I change its Sign, 
and +4X is the third Term of the Divifor, 

4^^^^, Laftly in forming the fourth Column, 

1 added 3 to the Cubes of the firft Numbers^ 
«nd +"3 is the laft Term of the Divifor. 

The Divifor to be tried is therefore 

X^— 2XX+4>f+?« 

And trying it, I find it fucceeds. 

You muft obferve, that in the firft and laft 
Terms, the 3igns are kept, and chang 'd i n the 
middle Xerm$, 
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DEMONSTRAtlON. 

17. The Demonftration of this Method has 
the fame Foundation with the preceding one* 

By fubftituting any Number, luppofe 2j in the 
Divifor of the Quantity proposed, as in y? 
— 2Xx+4x4-3, inftead of x there will be had 
a Number which exadlly divides the Number 
produced, by fubftituting the fame Number r to 
the Quantity proposed. Such a Divifor will there- 
fore be found in the 3"^ Column, anfwering to 
the Number fubftituted in the firft. 

The firft Term of the Divifor (it being of 
three Dimenfions) is y? multiplied by fome nu- 
meral Divifor of the firft Term of the Quantity 

given. 

The laft Term of the Divifor, is the Divifor 
of the laft Term of the Quantity proposed, 
which is therefore to be found in the 3 "* Column 
oppofite to o in the firft, if we fuppofe that 
negative Numbers may form this Column as 
well as affirmative ones. 

Whence we may conclude, that the fourth 
Column contains the Sum of the firft and laft 
Terms of the Divifor, when the correfponding 
Number in the firft Column ftands for x. 

So our fourth Column is formed by fuch a 
Subftitution inx^+j. 

And there can be no Divifcr, whofe firft 
Term and laft together, does .not form fome 
fourth Column, the Number of which is fome- 
timcs fo great, that it mafces-the Method ufe- 
lefs, for there are ipa if the firft Term of the 
Quantity, proposed is multiplied by. 24, and the 
laft Term is (5o. 

If from this Sum x'+3 wefubftraft the Di- 
vifor it felf X'— axx+4x+3, there remains the 

L a fecond 
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fecond and third Terms, with their Signs 
changed ixx — 4X, and dividing it by x, the Quo- 
tient is 2x — ^4. Now from the Formation of the 
^fth Column, it is evident it muft contain 2x— ^4, 
fuppofing the correfpondent Number in the firft 
Column fubftituted inftead of x. 

It is alfo evident, that by a fucceffive Subfti- 
tution of the Numbers in the firft Column for 
x; this Quantity ix — 4, will form an arith- 
jtietic Progreffion, whofe difference is 2, and 
the Number oppofite to o in the firft Column is 
•^4. It is alfo plain, that there can be no Divifor 
of the Quantity proposM, but what in fome 
fixth Column (of which every fourth will have 
one) will have an arithmetic Pi'ogreflion by which 
the Divifor is difcover'd. 

For the fourth which we make ufe of, gives 
the Sum of the firft and laft Terms, and the 
arithmetic Progreffion difcovers the two others. 

He Proceeds. 

t8* When in the ^antity proposd^ 
there are two Letter s^ and all the Therms 
rife to the fame Number ofT>imenfionSyput 
Unity for one of thofe Letters ; then by . 
the preceding Rules feek the Xfi^ifor^ 
and Jill up the deficient Tiimenfions of 
this T>i^ifor by reftoriug that Letter for 
Unity^ * 

As if the Quantity was 6y^ ^—cy^ —21 
ccyy '\' 3^*^4-20^* where every Term is 
of four Dimenfions; I put i for tf, and it 
becomes 6)^^^ — 213^' +3 >+2o, * whofe 
Divifor is }y-\r^ \ and compleating the 

de- 
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deficient Dimenfion of the laft Term by 
the Dimcnfioo of Qy it becomes ly + 4^, 
which is the Divifor fought. So if the 
Quantity is x^--bx^ — ^bbxx+t2bx —6b^^ 
putting I for b^ and finding the Dtvifor 
of the remaining Quantity x^ — x^ — ^xx 
^i2x — 6^ which is «?*+2:v — 2; Icoip- 
pleat its deficient Dimenfions by the Df- 
vifioos of by and fo I have the Divifor 
fought, ^x, -jr 2bx*--2bh 

Comment. 

19. It is IS evident that the Qqantity ^ mpftx 
be in the Divifor, and that it is only wantec^ 
where the Dimenfions are deficient; confe- 
quently this yr^nts[ no. farther Demonftration. 

He Proceeds. 

2o» When in the Quantity propos^de- 
there are three or more Letters, and all 
its Terms have the fame Number of 
Dimenfions, the Divifor miay be found" 

by the preceding Rules. 

•• ■ •. . ^ '■•> 

C O M M B N^ T^ 

It will be evident by an Example how we 
i?iuft proceed, when there are three Letters in 
tbc (^antity proposed. - 

21. Let the Quantity, be ^^ 

' — 9tx^+ 1 2^*x^— 8^**x*-f d/i*A*x+g 2 a*t^ 
^ + tfWx^— 8/i^V— I2fl*^x— ia*« 

— 24iV+i8i^^x 

Li I 
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i^\ For a and *, I fubftitute Unity, and 
the Quantity proposed is changed into this, . 

Whofe Divifor of two Dimenfions I difcover 
to be 

4XX-— ' X*— 4. 

^ftdiy^ For a I fubftitute o, and Unity for ^; 
and then the Quantity is chang'd into this, 

lax* — px'* -f- tf^' "^ i4^^ + i8x — la, 

Whofc Divifor of two Dimenfions is 

4XX — 3x + ^. 

3**^^, For ^ I fubftitute i, and o for*, and 
I have 

1 2 x' — lox* — 25x* + i4pfy- 
Which I divide by xx, and it becomes 
J2X^ — lox*— 26X + ^4. 

Whofe Divifor of two Dimenfions I find to be 

4VX 4- 2X— 5. 

This is had by finding a Divifor of one Di- 
menfion 3x— 4, and dividing by it the ProduA is 
4XX+2X— d. 

Thefe three Dlvifors are the fame Divifor 
fought. 

4XX — X — 4, 
4XX — 3X + 2. 
4XX + 2x — (5. 

And therefore that Term in which x or its 
Powers are alone^^ is found in each of them^ thac 

4XX, 

In 
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In the fecond Divifor, all the Terms arc de- 
ficient in which a is given, and all with b aJone, 
or h and x together, will be had by conipleat- 
ing the Dimenfions of ^ ^ thefe Terms ther^forp 
are. 

In the fame manner the third IHvifor gives 
the Terms that have ^, or a aiid x in them. 

The Tern> of the Divifor that has ai in it, is 
^ifcoverM by coUefling intq one Sum the laft 
Terms -f- a, — d of thq^fe<^ond and third Divi- 
Ibrs; which Sum we fubftjra^ from thi laft T^rm 
— 4 o£ the firft Divifor, and multiply ab by the 
J^eniainder, imping its Sign, in this Example the 
Remainder is o, ' which ftiows that Terni not to 
be in this^'Divifer. ^^ '*" . 

The reafon of this laft Oj)eration, is, that in 
tjhe firft Divifor —4, Ihows how often aa, bb \ 
and aby are found together in the Divifor' fought, 
becaufe a and b are reprefented by Uaity; + a 
fiiows how often W, and — 6 how often aa is 
contained in the fame Divifor; therefore fub- 
ftra£^ing +2 —5 from —4, we have the Num- 
ber o{ ah. - ^ - 

Colle£dng now all the (^antities difcovered . 
hito one Sunii, we have the Divifor fought, ' 

4XX — jAx + 2 W. 

, ^ '• • #. 
12. When vayipuSsDivifbrsare difcpver'd ift 
each Subftitiitiori, they only are to be cbmparM. * 
togethej: that have the fame firft Teitn> as is 
yery evident. 

L 4 But 
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But if there are many found in each Subititu- 
tion, that have the fame firft Terra, the Opera- 
tipn will be very uncertain. 

This fameMechod may be applied to four, five, 
or more Letters. 

23. As for Example, let the Letters be ^, b^ 
CydyCy there muft be ten Siibftitutions made, and 
that Letter alone muft be left untouched, accord- 
injg to whofe Dimenfipns the Quantity is order- 
ed j let this be a^ the Subfti tut ions then will be 

1.^5=1. &c=^=^=o. 

2. c=i. 6cb=d^=e=o. 

3. d==i. 6cb=c=e=o. 

5. ^=c =i.&^=e=o. 

^, lf=d s=i.&c=f=0, 

y. t^=e =i.Scc=d=o. 

10. d=^e ==i.&^=c=o. 

Thefe ten Subftitutions produce as many dif- 
ferent Quantities, whofe Divifors are to be 
fought ; and thence the fame Divifor will be 
difcover*d ten times, ai^d then by comparing 
them together you will find the true one* 

24. If the Quantity proposM has many Di- 
vifors with the fame firft Term, then it is to be 
ordered accordipg to fome other Letter. 

He Proceeds. 

2^. But the Divifor will be difcovered 
nore expeditioufly in this manner. 

Seek all the ^wifors qf thofe TermJi 
in which a certain f^etter is not founds 

ani 
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and then the Timfors of all tbofe Terms 
in which fome other Letter is notfound% 
and fo in like manner the Tiivifors of 
thofe Terms in which th& thirds fourth 
and fifth L etters are not founds if there 
are fo many Letters^ and r^n through ail 
the Letters in this manner \ then op^ 
pojite to each Letter ^ place tBe<refpe£iive 
fDivifors ; and fee if in any Series of 2)/- 
viforsy running through all the Letters^ 
thofe parts that involve only one Let* 
ter^ are repeated as many times as the 
number of Letters^ lefs by one in the 
(^antity proposed: And the parts in* 
vohing two J as many times repeated as 
the Number of Letters^ lefs by twOy &c. 
If fo^ all thofe parts once taken with 
their refpeBive Signs^ will be the T>ivi- 
for fought. 

As It the Quantity proposM is, i2rc». 
—14 bxx -f- ^cxx — 12 hhx — 6lcx + %ccx 
-^Sb^ ^ 12 hbc--^bcc + 6c'- The Di- 
vifors of one Dimenfionof the Terms 8i* 
^—itbhc — 4 Jr^ + 6rS in which x is not, 
will be found by the former Rules to be 
2b — j^, and 42^ — 6cy the Terms 12 ^» 
+9 cxx + 8 CCA? + 6c% in which b is not, 
have only one Divifor, 4*? + 3 ^ ; and the 
Divifors of 1 2 a:' ^ — 1 4 ^a:* — 12 bbx + 8^% 
where c is not, are 2 ;c— J, 4 a? — 2 b. I 
place thefe Divifors in a Rovir, with the 
Letters AT, ^9 as follows, 
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%b — ic» 4^ — 6c. 
4^ + \c^ 

2X — I. 4¥"^ ^K 



X 

b 

c 



Now as there arc three Letters, and 
each part of all the Divifors involves but; 
one Letter, thofe parts ought to be twice 
repeated in the Series of the Divifors \^ 
but the parts 4 i5^, 6 r, 2 :c j,J^ of the Di- 
vifors 4 Z? — 6c^ and ix^^h^ occur but 
once ; that is, are found no whece buc in^ 
that Divifor they area par^ of: wherefore 
I negledl thofe I>ivifors. Thece remaia^ 
then only three Divifors, a J-r* j ^, 4^^+?^- 
and 4 ;tf — %h\ thefe three go through all; 
the Letters, and each of their Parts %ly 
ICy 4 AT, is twice repeated in them as it* 
ought, and with the fame Signs too^ if > 
the Signs of the Divifor zl — 3^ ischang- 
cd, and turn'd into — ^h-^-ich for the 
Signs of every Divifor may be changed. 
I take therefore all the Parts of thefe 
2J— jt:^ 4^ with their Signs, and the! 
Sum 2^ + ?^+4^> will be the Divifor, 
fought. For if you divide the Quantity 
proposM by it, there will come oujt ^xx-^^^ 
2hx + 2cc — j^bh. 

Again, if the Quantity is 12 x*^ — loax^ 
■^ 9 bx^-'^zS aax^ + T^^^bx^ -f- 6bbx^ + 
24 a^xx — Saabxx -^ Sabbxx — 24 ^^ata?— 
4^5^A?-f- 6aahbx — 12 ab^x -|- 18 h^x + 
1 2 a^b + |2 aab^ -«— 12 Z^» ; I place the 
Divifors of thofe Terms^ in which x is 

not 
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not oppofite to a?, the Divifors of thofe 
without a oppofite to a^ and thofe of the 
Terms without Ij oppoGte to h^ as here, 

bb — 3 aay ibb'^ 6aa, ^bb — 1 2 aa^ 
a 4XX — 3^x + ibby iixx — pix4- 6bby 
b X, 2 X, 3 X, 4 ^, (5 X — 8/jr, j x < — 4^x, tf x*. 

8 ax, 2 /jx+^*>3^^i 4xx-f- 2 aXy 6 aa. 

Now I fee that all of one dimenflon 
mufl: be rejeded, becaufe the fitnple ones 
i 2by 4^, X 2x, and the parts of the Com- 
pound ones ^x — ^aj6x — 8 ^, occur but 
once in all the Divifors; but there are 
three in the Quantity proposM, and thofe 
parts involve only one Letter, therefore 
they ought to be found twice. In like 
manner I rejeft the Divifors ^^ + ? ^K 
^aa-\-6hby ^aa-^- i^hhy hh — 5 ^^, and 
4^^ — 1 2 ^<^ of two Dimenfions, becaufe 
their parts aa^ 2 aa^ ^aa^ hh ^^d 4 hby in- 
volving only one Letter, are found only 
once ; but the parts of the Divifor 2 hi — 
6aay which only remains in the Row with 
X, which alfo involve one Letter, are found 
again ; that is, the part 2 hh in the Divifbr 
^xx — J, ^a: + ^hhj and the part 6 aa in. 
the Divifor 4 ata: + 2 ^^r — 6aa : And thefe 
three Divifors (land oppofite to the three 
Letters Xy ay hy and all their parts, %hhy 
6aay^xxy which involve only one Letter, 
are found twice in thera under their proper 

Signs ; 
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Signs ; but the parts j hx^ 2 ax^ which 
involve two Letters, occur only once. 
Wherefore the different Parts 2hhy Saa^ 
4 xxj J bxj 2ax o( thofe Divifors, con- 
ncfted under their prQper Signs, makes 
the Divifor defired zbb-r^daa -^^xx — 
^hx-^2ax. I therefore divide the Quan- 
tity proposM by it, and there arifes ja?' -t- 
^axx — 2 aab -— 6 U* 

Commentary. 

The Demonftration of this Method is very 

cafy- 

^6. Let the Divifor of t;he Quantity proposed 
be 

+ 2 jx — 6aa. 

The Amhor fubftitues o fuccefflvely for each 
Letter, rejefting every Quantity which has that^ 
Letter in it, both in the Divifor and Dividend, 
by which means the remaining Divifor divides 
the remaining Dividend as before. 

This Divifor^ taking away x, becomes 

2 W — 6aa. 

which divides the Qiiantity propo$*d, whtn x i$^ 
taken out of it, that is, the Divifor of that pare 
of the Quantity propos'd, that has not a in it. ' 
Taking away *, the Divifor is 

4XX"f-2ax-^<?atf. 

Taking away a, it is 

4 XX •^ 3 Ax + 2 W. 

Whick 
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Which Divifors muft be neceflarily found a- 
moilgft thofe Divifors that the Author makes ufb 
of. 

It IS alfo evident, that there are as many Di- 
vifors as Letters, that is, the fame Divifor fo 
often repeated. 

In which repetition the Quantities that con- 
tain only one Letter, will be neceflarily in all ; 
but where o is put for that Letter, the Quan- 
tities that contain two Letters, will be found e- 
very where, but in thofe two where o is put for 
thole Letters. 

Whence it is manifeft, that the Author difco- 
vers by his method, all the Terms of the Di- 
vifors fought. 

29. If there are many Divifors of the fame 
Dimenfions, the Series of the Divifors that are 
run through, are to be feparated, and each will 
give one Divifor. 

What remains of the Author relating to this 
Affair is here added, but it does not need a Com- 
mentary. 

HfiP&OCEEDS. 

p. -^ all the Terms qf any ^antity 
are not equally highj the deficient Di- 
menfions are to be filled up by the T)i' 
menfions of any ajjum^d Letter^ and then 
when the T>imfor is founds that Letter 
is to be blotted out in both* As if the Quan- 
tity was 12 x^ — 14 Ixx + 9 ^^ — 1 2 hlx 
— 6^A:-f8 cc + 8^5 —12 Ib—^ -{-6^ 
alTume any Letter, as c^ ^nd compleat the 
Dimenfions of the proposed Quantity with 
it in this manner ; 12 ;ci — 14 ^a* -\'<)cxx 

'—12 
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— 12 bbx — 6bcx + 8 ccx + 8 Z^ — lallc 
— /[he + 6 c'jthen finding the Divifor of 
this 4^' — ^b-^-^Cy take away c^ and 
there will be the Divifor defir'd 4 a: — 2 ^ 

ji. Sometimes Divifors are more eafi- 
ly difcover'd than by thefeRules; as if fome 
Letter in the Quantity proposM is only of 
oneDimenfion, then you muft feek the com- 
mon Divifor of thofe Terms that have that 
Letter, and thofe that have not, for that 
common Divifor divides the whole; and if 
there is no common Divifor of this fort, 
then there will be no Divifor of the whole: 
as if there was proposM the Quantity x^—* 
^ax^ — 8 aaxx +18 a^x + cx^ — acxx^^ 
Saacx -^-Sa^ c — 8 ^^, let there be fought 
the common Divifor of the Terms -^ cx^ 
— acxx — 8 aacx -{-Sa^cy in which c is 
only of one Dimenfion, and of the re- 
maining Terms k^ — ^ ax^ — Saaxx + 
18 a^x — 8 a^y and that Divifor xx 4- 
2ax — 2aa divides the whole Qjuantity. 



Sir 
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Sir I B h k c N E w T o n's 
Univerfal Arithmetic, 

Page 59. 

ARuLEfORExTRACTING THE HIGHER 

Roots of numeral Quantitesop 
TWO Parts commensurablein" 

Po W ER. 

Let the j^cintity i^ A + B,/Vx great eft 
part A, the Index of the Root to be ex- 
traced c ; feek the leaft Number n^ whofe 
Tower n% can he divided by A* — B*, 
without a Remainder^ and let the 2i^o- 

tient be Q,, compute ^K -\-HxVQJ^^ ^^^ 
neareft integer Numbers^ and fuppofe it r, 
divide A V Q^y its great eft rationatDivifory 

let the Quote be J, and take ' "^ in the 

ft 5 

pear eft integer Numbers le /, and 
ts -^-Vttss — n will le the Root fought ^ 

t ftC 

VQ. ^ . 

// the Root can be extraUed. 

53. As if the Cube Root was to 
be extra £ted from ^/ 96? -f- 25, A A — BB, 
will be. 343 its Divifors 7^ 7, 7 ; theref ore 

n = 7, andQ^= i. Again, A-f-BxVCt 
or V968 + 2$ (extrafling the firft part of 
the Root) is a little more than 56 its 
Cube Root in the neareft Numbers is 4, 

• there- 
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therefore r = 4, alfo A V a or ^968, ex- 
tracing all that is rational, becomes 
22 V 2; therefore its radical Part ^2 is 

J and ^ + r or — 7-in the neareft integer 
Tl — 2V2 ^ 

Numbers is 2, confequently f = 2» Laft- 

Iy> /J is 2 V 2, ^/ttss — n is i, and -/ Q^ 

or y I is I, therefore 2 V 2 + i, is the 
Root fought, if the Root can be extrac- 
ted. I try therefore by Multiplication, 
if the Cube of 2^/2 + i is -/968 + 25, 
and I find it fucceeds. 

J 4. Again, if the Cube Root was to 
be extrafted of 68 — -^4^74, AA — ^^ 
will be 2$o, whofe Divifors are 5, 5, 5,2; 
therefore /^=z=5X2=io, and 0^= 4, and 

yA + BX'/Q.or V68-f-v/4j74X 2, \s 
in the neareft integer Numbers, 7= r;al 
fo AVQ., or 68 V4, extrafling the 
rational part, becomes 1^6-^/1; there- 

a — * -a-v £ or 7 "T 7 is in the 

a i ft 

neareft integer Numbers 4 = t : therefore 

/J =4 v^ r/jj — ;:? =V6 and y Q^z=z y 4 

3 
or -/ 2 ; and therefore the Root to be 

tried h - ' 

s 
V 2 

?5. Again, if the Quadrato-Cublc of 
the 6fth Root; was to be cxtrafted from 

3 9' 
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«9V'6-|-4iV'5thenAA — BB=3,and there- 
fore «= J, Q=:8i,r= 5, j = -v/6, / = I, 

ts^V^y Vttss — 4 —VIj & yQ=: 
V8i or V9, and thprefore the Root to be 

g6. But if in thefe Operations the Qijan- 
jtity is a Fraction, or if its Parts have a com- 
mon Divifor, extraQ: feparatcly the Roots 
of the Denominator and of the Faftors : 
As if the Cube Root was to be extraded 
from V2ij2 — I2t, this by reducing its 
Farts to a common Denonainator becomes 

r^ — — -— ; thfn extr^dj: feparately the 

iCube^oots of the Numerator and Deno- 

2-^/2—1 
roinator, and there arifes — i • 

^7. Again, if any Root was to be ex- 

trafted from V3993 + v'17578125, di- 

vide its Parts by their common Divifor, 
3 
V J, and it becomes 1 1 -f- \/i 2^$ J whence 

the Qiiantity prop osM is equivalent to y/i 

fpto II 4- Vi2$, whofe Root is found by 
extracting feparately the Roots of bpth 

the Factors Vj & n -|- Vi^S- 

M (2 M' 
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Comment* 

This Method is eafier in PrafHce than thofe 
we find in other Authors, and more iiniverfal 
than what Francis Van Schooten has given, for ex- 
tracting the Roots of Binomials, and which he 
has demonftraied as to the Cube Root, in his 
Commentary on Des Cartes's Geometry. 

But this Method of Sir Ifaac Newton^s needs 
another Demonftration, fince Schooten s can only 
be applied to one part of it. 

L £ M M A I. 

3 8. If the. Binomial a + b is raised to any Powir 
lohcfe Index is c, and if the 'Terms of, this Power 
alternately taken^ as the i^\ 3^, y^^', 7**", &c. are 
colkBed into one Sum, and fo the whole Power divi- 
ded into two Parts y the Difference df the Squares hf 

^ c 

the Parts will he aa — ^bb. 

This will be manifeft by the Analogy of the 
Operations, and it would therefore be unne - 
ceflary to detain you withfeeking a long univer^ 
fal Demonftration. 

The Square of the Root ^ + * is 

aa^ lab + ^^* 

and the Parts are 

aa 'A- bb' 

m 

+ 2ab 
The Difference of their Squares is the Square 
of the Root /i^ — bb, ' ' 

The Parts of the Cube of a + * are 

4*+ ^abb 

+ la'-b + b^ 

^ c The 
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The Difference of their Squares is the Cube of 

the Root aa — IL 

This will appear by performing the Opera- 
tions, and he that will continue them to the 
higher Powers, . will^ eafily perceive that the 
Propofition muft neceflarily hold good in all. 

L £ M M A 2. 

3 p. if a and b are two Numbers , of which a is 
the grcutefi^ and the Binomial v^a + -/b ts raifed 

to the Power c, and this, is an odd Number ; this 
Power will jbe a Binomial, one of whofe Members is 
multiplied by -/a and the other by -/b ; and thefe two 
Members will be the Parts mentioned in Lem. i. 
of which that is the greatejl which is multiplied by 
•v/a. 

As c is an c)d,d Number, c — i is even, an<i 
may be divided into two Parts 2 I put therefore 

Now if we raife the Binomial given to any 
Powe^ whofe Index is the odd Number c, we 
Ihall fee that thefe Terms, negledling. their Signs 
and Coefficients, will be 

aWa, aWK «"-'V^, a'^-'bi/b, a'^-'bYa, 
a'^'^bVb, &c. 

And coUefting into one Sum the i, 3, 5, &c, 
Term^ wefllall have a rational Number multi- 

?Iied by /a ; and the Sum of the 2, 4, 5, &c. 
Terms is a rational Number multiplied by y/b. 
And if we try this in any given Power, we 
fhall fee that thefe Sums confift of correfponding 
Terms, which only differ in this, that where a 
is in the one, b is found in the others wherefore 
as ^ is greateft, that Term which has a in it 

M 2 whea 
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when the other has h in it, will be greateft ; that 
is, the Term multiplied by ^a 'will exceed the 
other. ... < 

CoKOLLAKT. 

40. If either of the Members of the Roots^ 
that is ^a or /*, is rational, that Member of 
the Power which is multiplied by the rational 
part, will be alfo rational ; and the rational part 
of the Member Power will exceed th« other, 
if the rational Term of the Root exceeds' the 
other. 

Lemma 3. 

41. The fame things fuppos^d^ if the Number c is an 
even Number^ the Pouer forms a Binomial^ one of 
vjhofe Members is rational, and the other is muUi^ 
-plied by y^ab ; the Members are thofe Parts of which 
we have treated in Lem. i. 

Foi^ putting im = c, (in which Cafe m is an In* 
teger) • and nfeglefting the Signs and CoefEci- 
ents, the Terms are 

I. $.' f. 7. 

^« a'^-'b, a'^-^bb, a''-^^ 

a'^-Vab, a'^-h'^aV, a'^-^by^ab; 

as will appear i f the Operation is gone through^ 
for any Power whofe Index is to even Number- 

r 

Corollary. 

42. If onQ of the Terms of the Root \/ aor 
\^b Is rational, the irrational Member of the 
Power is multiplied by the fame irrational 

* -; Quantity 
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Quantity that multiplies the rational Root : As 
fuppofe a^=^ee the Term ^a will now be ra- 
tional =f, and /tfi=V^, \^b is the irrational 
Quantity that multiplies the irrational Member 
of the Power. 

Lemma 4. 

43. Every Power of the numeral Binomial 
\/a + yl) has both the Members fofitive^ the 
Power of the Binomial or Aptome v^a — y^b has 
one Member Negative; but the Members are the 
fame whether it is + y^b or — sib. 

Thi^ follows from the Formation of Powers, 
as will be evident to any one that will try* 



Lemma y. 



\ 



44, If the Binomial /a + /b is raifed to a 
Power whofe Index is c, the Difference of the Squares 

if the Members of the Power, is a — ^b. 

This follows from comparing Lem. 2 & 3f 
with Lem. i. 

Lemma 6. 

t 

45. 7%e Root whofe Index is c] that is ^, cannot 
be extraHed from a Binomial, unlefs the Difference (f 
the Squares of the Parts of the Binomial given has 

c 

'^ (f it rational, . 

The Root, if it can be expreffed, contains only 
fquare Roots,. as follows from Lem. 2 and 3. be- 
caufe only fuch Roots are contained in the 

Power. 

M I Let 
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Let us fuppofe now that the Root of the Bino- 
mial may be expreffed, and let this be -/ ^ + /^, 

the Difference of the Square of the Parts of the 

e 

Binomial given will be a — b (44)5 which when 

e 

^ is extafted is a—b^ which is a rational Quan- 
tity : and this always happens when the Root 
can be exprefsM. 

L £ M M A 7. 

45. If two continued decreajing Geometric Pro^ . 
grefftom have a common middle TVrw, the Diffe^ 
rence of the correfponding firft T'erms of the two PrO" 
grejfions will he greater than the Difference of the 
laft Terms. 

Let the Progreffions be 

■^ A, B, C 
•H- D, B, E 

Therefore AxC = BxB = DxEaDd 
. A, D : : E, C 

Divid. & Altern. 

A— D, E— C : : D, C 

But as the Progreffions decreafe, D exceeds B, 
which is greater than.C; therefore D exceeds Q 
and A — D the Difference of rbe two firft, ex- . 
ceeds E — C the Difference of the laft. 

L £ M M A 8. 



47. The 1/ cannot be extraSied if c is an even 
Number^ unlefs the greatefi Member of the given 
Binomial is rational. 

If 
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c 

If ^ can be extrafted, the Square Root can 
be extrafted from the given Binomial ; for it is 

c 

V raifed to the Power 4 c, which Index is an in- 
teger Number, as c is an even Number. Let the 
Square Root of this given Binomial be a-\-b^ 

whofe Square ^^+ 2a^ + hb is the Binomial pro- 
posed. 

Now the Root ^ + ^, contains only fquare 
Roots (39, 41) \ wherefore aa + bb is the rational 
Member of the given Binomial, and ^ab the ir- 
rational Member. 

We muft demonftrate therefore aa -f- W, al- 
ways exceeds 2 ab^ for then it will be certain that 
the Root cannot be extrafted but when the ra- 
tional Member is greateft. 

a and b are not equal, for if they were, the 
Quantity proposed would be a fingle rational 
Quantity, or o. 

Let us fuppofe therefore a and b unequal, it 
IS clear that aa^ ab : : ab^ bb; therefore ^^ + ^^ 
exceeds 2 ab by Prop. 25. lib. Eucl. 

Demonstration of the Author's 

Method. 

48. The given Binomial is A + B ; n and Q^ 
afe found, fo that AAQ7-BBQ=w^ 

Our Author does not feek the Root of *the 
Binomial given, but of Ay^Q^" B/Q^; and when 

he has found this, he divides it by ->/ ^f V' Q;> 

that is by y Q, that he may have the Root, of 
the Binomial given A+B. : ' . 

M 4 • '^ }: ... By 
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By this Preparation the Binomial acquires tbofe 
Conditions, without which the Root cannot b« 
exprefled(45). Now «*^ is the difference of the 
Squared of the Members, A / Q and B V Q, from 

which if you extract / we miift have » rational 
Number n. 

Let us fuppofe x\^y^ /z,, to be the Root 
of the Binomial required A/Q^+ B/Q, and x/jr 
to be the greater part. As we do not here con- 
fider Fraftions, of ^hich the Authot treats fepa- 
ratcly, x^y, i, will be integer Numbers j for as 
there are no Fraftions in the Power givei!^ there 
will be none in the Root. 

The difference of the Squares of the Members 
of the Binomial x^y Hh y^z,, raisM to the Power c^ 
that is, the Diffe rence of the Squares A \^ Q^and 
Bi^Q^is xxy — ^ (44), therefore 

xxy —2,' = AAQ— BB<^' = ri^ 

And 

xxy — sc =fc »; 

From this Equation we deduce this decreafing 
" Proportion. 

^xv<y + i/2'j /«> ^/y — A- 
This following is alfo a decreafing Proportion* 

For we can demonftrate that r exceeds n. In 
the firft Proportion the difference betwixt the 
firfl ind third Term is 2 1/ i, that is, not lefs 
than two. ^s the Proportion increafes, the Dif- 
ference betwixt the firfl and fecond Term eix- 
"ceeds half the diference betwixt the firft and 
third; that is,xVj'+ v^ «', and y/n differ by more 
than Unity : but r docs Hot differ 4- from xyO'+l/^^j 
becaufe it is exprefled in the ncareft integer. Num- 

bef 
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berC3i*43); therefore r differs Icfs than y^ji, 
from a Quantity that is greater than it, confe^ 
quently r neceflfarily exceeds ^ n. 

The difference between r and the Root x ^j 
+ / X'j as we have feen, is lefs than r, the dif- 
ference then betwixt x/;' — Vx, and * (45) \^ 

lefs than -r. 

Now in the two Proportions that we have con- 

fider*d, if X'^y-]r^^ exceeds r^ then -Sis grea- 
ter than xsly — -/*. If therefore we colieft into 
one Sum xVj' + /«'* ^V y-^V^i and alio 
r, ^ the difference of thofe Sums ix^ y^ r -f--5 

will be alfo lefs than 4-. In this cafe alfo the dif- 
ference will be diminifhed, becaufe one will cor^ 
reft the oth6r. 

Therefore the Difference betwixt ^4*7 and 

a 
X'/y^ the greatefk Member of the Root, is left 
than 7* 

This prefuppofed, there are four Cafes to be 
examined 5 for A -/Q is either rational or furd, 
^nd c in each Cafe may be either even or odd. 

4P. Case !• Let Ay^Q be rational^ andc 
odd. 

In this Cafe x^^/y the greater part of the Root 
IS rational (40), it is therefore an integer Number 5 
for as we have faid before, we have nothing to do 

here with Fraftions, therefore r-f"? is it felf the 

% 
greatefl Member of the Root, for an Integer cannot 
differ by lefs than Unity ; but this differs by lefs 
than 4, from the greateft Member. 

In 
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In this Cafe too i=i, and therefore r + f =: 

z 

^^"i^ ^t^ts^ and the greateft Member is 

truljr difcovered .by the Author*s Rule. 

50. C A s E 2. It A/Q^ is irrational, and c an 
odd Number. 

Now xv/jf is a fiird Number, and the Quan- 
tity A •Q^, reduced to its leaft Terms, will have 
the fame Radical with x /^ (3 p). Qur Author 
feeks this Radical, and calls it x, therefore x=y3f. 

r"*«._ _■" 

% 

and X ^/y is not -J^, they will difter lefs if ^ they 
are each divided by s or vO'* therefore »" + 7 and 

X diflfer kfs than \ ; and confequently x is the 
tie^r^ integer Number to r + 7 that is ^=x. 

But / = v/y» therefore tf^=zxy/y^ and the iirft 
Member of the Root is juftly determined. 

51. Case 3. If A/(^is rational, and c an 
odd Number. 

In this Cafe, not as in Cafe i. it is certain that 
xv/jf may be rational' (41) ; therefore this 3^ 
Cafe may be fubdivided into two. 

When x/j' is rational, the Demonftration of 
Cafe I . takes place, and the-^eateft part of the 
Root is difcover'd. 

But if X /;' is a furd Quantity, this Method doejs 
not difcover the true Root ; for becaufc A y" Q is 
rational x = i always, and not to -/ j, as it ought 
to be^ as we have demonftrated in Cafe thefe- 
c^ad. See the z" and 3** Cor. following. 

52. 
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'5 2. C A s E 4. When A / Q^ is irrational, and 
c an even Number. 

The Root fought cannot be extrafted, in this 
Cafe (47) ,• and it would be to no purpofe to ap- 
ply our Author^s Rule, or any other to fuch a 
Quantity. 

5 3 . Now having found x /;?, the greateft Mem- 
ber of the R oot = ts^ we muft demonftrate y^ z, 
=/« ss — fly that is, Tj ^==ttss — n. 

We have 

xxy=ttss. 

But as we have feen above 

xxy — ' 2:, = ». 

Therefore fubftrafting the laft Equation froni 
the firft, 

x<y ' — xxy + z. = z. = ttss — •». 

Which was to be demonftrated. 

It IS evident, that the Members of the Root 
are to be join'a with the fame Sign that the 
M^^nbers of the Quantity propos a are join'd 

witii i^^)' 

The Author fays, the Root thus difcover'd muft 
I c ^r\rd b^caufe the Demonftiation fuppofes, 
t V ' '^''11 be expreifed by xy^yj^V^i and 

f . .. ' - "•: place whea the Root can be ex- 
t :^ . ; . u- es noi in the leaft follow from 

t that it is always poflible. 

' ' '\ the following Corollaries 

f: /; : ' ;''eady demonftrated, in 

c \:: : ^; . >/ Jluftraie our Amnor*s 

ft •• •^■' '■ . . , ' 

Co- 
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CoROLtART I. 

54. When c is an odd Number^ this Method aU 
vsajs difcovers the true Root, if it can be extralied^ 

Up^ so)- 

COHOLLAUT 2. 

5 5 . IVhen c is an even Number, and the Root can 
be extracted, you will then difcover the true Root^ if 
either of the Members are rational. 

This follows from what has been already dc- 
monftrated, if the greateft Member of the Root 
is rational i%i)i but if this Member is irrational^ 
the Root may be difcover'd by making ufe of 
Bt/Q, infteadof A /Q., to find s. The Reafott 
of this will be evident, if you apply what has 
been demonfitrated to thefe Cafes ; for it is certaia 
that even here j= / y C42). 

Whence we deduce this Obfcrvation : As we 
'cannot fee before we begin the Operation, whether 
the greateft or leaft Member ot the Root is ra- 
tional 5 if the Root difcovered by the Author, 
which has the greateft Member rational, is not 
the true one, we muft feek another, in which the 
greateft Member may be irrational. 

Corollary 3. 

5 (J. If neither of the tv30 Roots mentioned it the 
laji Corollary is the true one^ 'we muft not from thence 
conclude that the Root cannot be extra£hd. 

For if both Members of the Root fliould be 
irrational, yet A / Q will be rational (47), and 
J =s I (49) by our Author ^s Method. If accor- 
ding to the Obfervation in the laft Corollary, we 

make 
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make ufc of B / Q, then it will be x = y/yt. (41); 
and we cannot deny but in this cafe our Author's 
Method fails ; but this Defedb will not much 
diminifli its Ufe, if as Van Scbooten has taught, in 
his MechodyWe firft extrad the SquareRoot, of the 
Quantity by the ufual Method ; and by that means; 
reduce the Problem to the Extra£tion of a Roo^ 
whofe Index is an odd Number. 

CoHLOLLAUT 4* 

57* H^en the Index rf the Root is an even Num^ 
hr, and thegreateft Member of the Binomial proposed 
is irrational^ the fioot canjm be exprejfed; and it 
would be in vain to feek it, as we have already 
pbferv*d (ja). 
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W'S E N a Ratify is fougbu f^at 
^^ caomt ha taea^fy ixpreffedr itsVaim 
is to he imtefiigated by Approximation \ 
and this Fistittef as to TraSiicf, ma^ b* 
taken for the true Value- 

No Mathematician can he ignorant <f 
the Ufe i^ Infinite Series in thefe Apr 
proximations* 

Amengft the various Methods hy which 
the Value (f any Quantity ^ in any given 
Equation^ay he exprejfedjly a converging 
Series ; that is defervedly prtferred in 
mam occafions where an indetermiifd 
S^nes is ajfkm*dy which is put equal t» 
the ^ttantity propofd > and then as many 
I'erms <f it Mre determn^dt as Jball be 
tbougla proper, 

m^ny things relating to thefe Solu- 
t^i^ts are to. bs mt witk in d^^erent 
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Jutbors ; but they feem to be very tittle 
jollicitous about explaining the Method 
itfelf, Tbafe who propofe. to explaia.Jt. 
by Examples, fuppofe that knownyin 
which the whole difficulty of the Solw 
tioft confifis. 

As for Example \ let y be to be deter- 
mined from X known in any given Equa- 
tio/i. 

1.hey ex'prefs the Value ftfy by an af- 
fum^d ifideiermin^d iSeries, putting. . 

then they explain how the Co-efficients 
A, B, C, l>i:&c, are to be determiffd^ in 
which indeed there is no difficulty. Jnd 
Values are placed for n and r, as if they, 
were determined with the greatefi eafi, 
when indeed all the dijiculty is in dif 
ccvering thefe. 

Reyneau has obferd'd many Things re- 
lating to thefe Numbers, Anal, demontree 
Art. 246. but does not in the leaft ex- 
plain by what means they are to be de- 
termined. 

Sir Ifaac Newton, to whom Mathema- 
tics arc fo much indebted, has demon- 
ftrat^d the jDetermination ^ the Num- 
ber n, // we here apply what hfi has 
fijid oj the, invefiigating the fir ft Term 
in his Explication cf another ■ method qf 
Infinite. Series\ ■ ■ 

Mn 
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ikfr. Taylor, in his 2ooky de Methodo 
Incrementorutn, Prop. 9. has treated of 
the Imejiigationof the Number r. But, 
jfeTr* Sterling has obfervd^ de Lincis ter- 
tii Ordinis Newton, pag. 28. that the 
Rule he there lays down^ does fometimcs 
faih on which occafion he himfelf gi^es 
another y which, he confejrer^^'^^ iound by 
chance, and had fought its Demonftration 
in vain, wherefore he could not affert it 
was always true. 

What fnade him doult it^ I cannot fee*^ 
hut thd lam fully perfuaded that it will 
ne<verfail^ yet I cannot helie^ue it ahfo- 
lutely compleaty and will nowjhew where^ 
in t take it to he imperfe^. 

"The Computation may proceed when n 
is difco'ver dy tho" the Forin of the ajjun^d 
' Series Jhould not be the fame with the 
Form of the Series fought^ provided there 
is fome l^imfor of r made ufe of injiead 
of v\ that iSf wejhall always have the 
fa7ne Series at lafij if the ajfum^d Series 
is contained in the true Series. 

Example y let n = j, and r = 4, the 
Form of the Series is 

Which Series being ajfum^d^ we mai 
go m with our Computation ^ but thefe 
alfo may bp made ufe of 

y = ax* 4- bx^ + ex' + dx' + ex" 4-, &c. • 

N 2 Bach 
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EaeB fif tbbkb contains the fiirfi ; if 
now we proceed vfitb out CoMputofionf 
accordink to the gwen E^mtto^i vbe 
Jhafl find in the fecofid Setici. 

a = -rf, b = o, 0=5^ d = o, e = c, &c. 

In the third we Jhdll have 

So that in tbefe three Subjiitutions we 
come at laji to the fame Series which has 
the Form of the fir ft of the three ^ 

^yMr.Stcvling^sRuIe^ we very often come 
not at the true Form out at a Series that 
contains the true Form ; fothat there is 
fome fuperftuous lahour to find the true 
one^ which in fome meafure may he a- 
voided, by feekihg the true Form from one 
that contains it, before we begin the Com^ * 
putation^ which bow to do^ we would give 
a particular Rule^ if it was not lefs 
labour in Tratiice^ to feek direUly the 
true Form of the Series fought^ 

As to Mr^ TaylorV Method^ it muft 
he obferv^dy that Sterling himfelf^ makes 
ufe of ity only correUing^ it in ihofe placet 
where be thinks it ferns \ where we may 
refudrkj that this CorrelciVon is not ai- 
wan neceffary when it h ifiiide ufe of 

%ut notwithJiandifigMt* T^ylorV Mfc- 
thod, correiiedby Sterling, is fufUcient 
in aU cafes \ I telieve it wbuld pot be 



Tfi» PRE F ACS- «S> 
uiMccef table to beginners, to hejhewn a 
Way ic .wbicb &y mny amid mucb 
trouble} for our p,ule gffes the trije 
Value if r, by wbkb means the ajjum'd 
Siriet, dmatdiatei/ acqairei tbi Form 
gtbf fetrifs foH^bt- got ibaf this pay 
be tie. t/tgre ttlcfid, I ^ill ftrft fit dfwa 
tbe^Determination <^ the Letter n, ac^ 
cerjiag to Sir Iliac tJewtonV Method, 
which ifr- Taylor eieplaifis if the fore- 
mentioned 'fib 'Protojition; and Afr. 
Seerfing mTnf.t, if bfs TraU, inhere 
they apply it to affum'd indetermin'd 
^Seriet. 

IfiailmtireatofdetermnuigtbeCt- 

eficients 4, 3, C. D, (J-.c- bccaufi this 
is done by a well-known Uetijld tn/^ 
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A New Method of Deter- 
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Proposition I.- 

7%e Inv^igatkn t>f the Index f^ thefirfi Term. 

of the Series. 

L£c there be given an Equation, in .w^cii> 
is fought, and its Valo^ is to bd. exprtifed 
by the Powers of x. - 

I.* Putj equal to an Affum'd Infinite Inde- 
termin'd Series, 

&c. 
The Number », is to be determined. 

2. Let there |pe fprnicj a^ Parallelogram, re- 
prefented ift Tab^ IV. and i^ark its Angles, as 
you there feei the Method, pf continuing it, or 
making it larger, is plain. 

3 . fii the Equation proposed, fubftitute x" for 
y^ and if there are Fluxions, for the firft Fluxion 
of j^, put x"-~', for the feconfd^^"^* i and fo o£ 
the reft* 

4. Mark in the Parallelogram all the Angles 
that contain Indices of the Powers of x^ in the 
given Equation. 

If it contains fra&ionul Indices, the P(nnc$ ta 
be mark'd may be discover *d; »4"t muft be^ 
markM in the middle^ betwixt n and n-^-i^ and 
\ n, is placM in the middle betwixt n and 2n. 

5. Draw: 
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« 

5. Draw a Line in the Parallelogtam, that 
may pafs through two or three of thofe Points 
that are mark'd, in fuch a manner, that all the 
other Points that: are marked, may fall on the 
fame fide of that Line ; but you muft obferve^ 
that this Line muft not be drawn diredly up 
and down, as AB or CD, &c. 
. ^. Make all the Indices, through which the 
Line pa(res,equal amongft themfelves, and n will 
by that means be determined. 

Example. 
7. Let the Equation given be 



. For>lubftitute:x" (19), and the Indices are 

: 7»+3> 5«— I, 4W+3, 4;2-f 2, 2»-|-i, 2. ; 

Thefe being marked in the Parallelogram, the 
Line, may be drawn.four ways (^) ; 

I. Thro* a, 211+1, <f»-^i, tcn^^r. (d). 

3; Thro^ tf» ~ I, 7» -f- 3, & » =—4. (6). 

3. Thro 7«+3, 4«+3i &« = o. (6). 

^ 4 Thro' 4a + 3. a> &» = -~^(5). 

. 8. If infteiad of », in each Index, its Value 
is fubftituted, each of thofe, through which the 
Line pafles, which are equal to each other, will 
form an Index, either the greateft of all, as iu 
the two firft Caf^sV or the leaft of all, as in the 
twplaft. • 

: .9. When this Index is the greateft of all, all 
the Points m«rkM in the Parallelogram, are found 
below the Line that is drawn, and the Series 
converges fo much the Mer, as x is greater. 

IP, 
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%t^ XiW MfifM of ^urminiffg 

7h Dftermiuatm fftU JOiff^enieof the In^exis 
^f rao Termsy immciiiat(4jifmmii^ ^ach ot^er^ ip 
f hi s0im^d Series. 

ii.Inxhc ^um*d Series jitovcjpentSaiied {i% 

r here reprefents the Diflfeifnce that this Pro* 
pofitioD is to determine. 

II. Seek n by "(hrfF^ced^pt Pxopo^qpp, 4ind 
then in the Indexes oi the Powers «p{ x after the 
SubfiiMtiea .aienttlQD€d ^n ai j« 4nAcad<^f .» put 
hs Value. 

13. Tbofe Indexes fbat an xioMcIfd in ithe 
Faiallelogtaro^^md \7hjQb are cqual^o papb ^ther 
(sXare to be takcmi for one ; Subftra^ tbis irpm 
Kll the rcft/if it'slefe ; or Jfit's^eatcr, fobfhra^ 
tbem from 'it; yon will ^rm a ^Kies w'hieh 
wc fsalU ^ Sifm cf JQj0^e9c4s* 

.14. Saek=tbC:8rea|el«Qini|ioaI^iffiy<yf t^fc 
I^lfeien^ses^ 

US. JBy tfais^i^ide the^aft^fthpfePifcirei^es, 
and retain the Quotient. 

16. Seek the VaHrc of A, which when n 15 

£*veB, mayjalwaysbedone; and note the Num* 
T of equal Values, tf there arc not various c- 
^ua! Values, 'Unity iwill reprefeijt jthpir i4um- 
oer. 

If A has various di0*erent ValueSy let jbhat de^ 
^iermine the Nuipber trf egual Values, whbh js 
4iitde ufe of rnxhe^Cotpputatipn.'ExafnpIe, it #,11^ 
*^3 *, *, c, are fix Vducs 4&f A, the number of equiA 
Values will i>cj, if/wemake ufe of n; a. If we 
*«Mike ufe of h and i. if we mal(e ufe of c. 



thd Iwm (i an JnfinHi Scries. iS( 

'i7» Sedt the leAft Namber chat can be ex- 
tftly divided by the Number o£ eqiail Valueaof 
Af ixA the Quotfiedt mentioned in n. i ;• 

i8. Now divide the leaft in the lories of Dif- 
ferences (i|) by tbisKumber, and cheQootient 
will be the Number fought, that is r, ^ich will 
be negative if the Series converges the dfier, 
as X is greater (y)» And Al^rmaeive in the other 
cafe mentioned in n i o. 

i^. Mn tafUr feeks the greateft oomtbon IX- 
vifor of the Indexes \ and this Sterhng divides 
by the Number of equal Values of A* 

This our Rule, may appear perhaps more 
complex ; it will nevertheless diminijfli the 
trouble, and that it may be better compre^iiend- 
edy we will illuftrate it with Examples. 

E X A M P L B I. 

)Letthe given Equation be 

JL JL i. JL 

Let 1 be fought in a Series converging fafter 
as X is greater. 
I put 

>=^Ax»+Bx°+r-fCx°^*'4-Dx"-+'5^4-&c. 

I fubditute x*" in the Equaticci^ Inftead of j 
(3 .) and the Indexes arc 5, i«4-4* » + 3> x^+^t 
%n + i> tj t ^y ^i^d finding « == 2, they are 
changed into the&(i2). 

5f 5f 5i 5i 5» t, 1 

A^d ; i$ the greateft Index the Line couches, 
becaufe we hei^ want the gRAteft (j). 

I fubftra£i the other Indexes from 5^ and I 
have k Scries of Difercnces (13). 

4i Tf 4- 
The gT9at^ common Divifor cdf !;hefe is * 

14) By 
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Bv this I divide 4, the leaft of the Differences 
(15.) and the Quotient is <^. 

I feek A (16), and find it has four Vahies* 

I feek the leaft Number that can be exii&ly 
divided by <5, and 4 (17,) which is 12. 

By this I divide 4, the leaft of the Differences 
and the Quotient is 7 and r=— f (18). 

The Form of the Series is therefore, 

>=Ax*+Bx ' +Cx ' 4-Dx-fEx ' 4. Fx - + G 
+ Hx"^ &c. . : : 

E ^ A M P L E II. 

— ^ + *>' — 3tx*/ + x7 + -, =0 

Let y ^e fought in a Series converging fafter 
as X decreafcs. 

The affum'd Series is 
J == Ax" + Bx^^' + Cx"-+-"4- Dx»*3r ^ ^^ 

Inftead of y in the Equation, I write x", (3.) 
and the Indexes of x are. 

Now in the Parallelogram, we find by Prop.I, 
»=i, and the Indexes are (12). 

9y 4> 4* 4i ^4- 

The Series of Differences (13), is, 

5, 10. 

And 5 their greateft common Divifor, (14)- 
By which dividing the leaft Difference, the 

Quotient is i, (ly). 

A has two equal Values (16) ; and % is tl>? 

leaft Number that can be exaftly divided by this 

and by the Quotient i. (17). 

I 
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I divide therefore 5 by a, and y=2 t (i8)- 
Then the Form of the Series is, ' 

And the Series it felf, is 



,=x+nx »~+^*+ i» 




x"+&c. 



FINIS. 




\ 



BO OK S "Prmtid fif, md SM bf 

John Seutsx* 

MAthematical Elements of Natural Philo- 
fo^y^ cMfif niM by Exper ifnenci i or an 
Introduftion to Sir Ifa€^ Ntmtm^ Pbik>iS:^by. 
2 vol 8*. Price 15 s. 

An EUay on PerfpcAltre^ S*. Price % 1. Bcdi 
thefe by G. I. 's Gravejmde. 

An Intrododion ta Natural Plulofophy^ by 
jf. Keily SmviUan^ Projeflar of Aftronomy* 4 /• 

Sir Ifaae Nmton's Algebra, 8^. 5/. 

Elementa Arichmeticx Numerofx & Specioiar 
in ufum Juvencucis Academical, Au£t EdJVHls. 
£d. altera.8^.4J. 

An Analytick Treatife of Gmick Sedions, 
and their Ufes, by the Marquis de l^HoJfital. 

The Conftru£Hon and Ufes of all forts of 
Mathematical Inftrumrots, Sol. Price i /. 

A NewMathematical DiOionary 8^. ^s. Both 
thefe by E. Sttme, R R. S, 

The Elements of EucliJ^ with feleA Theorems 
out of Archimedesy by the Learned Andrev) 
Tatpiet. To which are added. Practical G)roi- 
laries, ihewing the Ufes of many of the Propo" 
fitions. Third tdit. 5 s. 

Mathematical Philo(bphy, being 40 Leftures 
read in the pubHck Sdbools in Cambridge to de-* 
monftrate Sir / NnMt^§ Philpfophy, Englifi. 
Price 6 s. y 

Aftronomical Le£lures^^ad in thepublick 
Schools at Cambridge. Q^ntaining the Pradtical 
Part of Aftronomy with Tables. Price 6 s. 

The Aftronomical Principles of Religion, or 
Aftronomy made Eafy to the meaneft Capacic]^, 
Price 5 s. Thefe four by W. IVhiJlon, M. A. 
late Lncafian ProfefTor of Mathem9ti<;i^. in thi^ 
IJoiverficy of Cambridge. 



1 



»ii I wiPB^P ' ■»- ^- 



1 








^ 



\ • 



■^ 



**»— ^ ^-i 



; ' 







s- 



X-A»_ 



/ 



